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6.1 INTRODUCTICN AND BQUATIONS (T,H,R,Skyrne )

In the numerizal integration of ordirary Aifferent 1al aguations,
as discussed ir the last chapter, we have to find the value of cre or
more functions f(x) in a sequence of nvalues of the independent variable

for prcblems of similar type the lahour veguired is oreportioned to n.

In the integraticon of a2 partial differential eguation, we reguire the values
of a function f{x3, Xp....) at a set of n_ values of each of the m indeper-
dent variables Xp. Usaally the process of integration will recuire unat all
the n,. be of the same order of mapnituie,n, aven though we may nct wish te
know the value of f(xr) for all these vilues, 3nt congeguently the laocur
reguired is proporticned tec n™

Now in any problem in which the values of the dependen: variahles
vary significantly over the range of ivtegration {and a1 interesting orc-
blems are of this ty:el} aecurate resalts may be cbiained onlv if nne a
large number, The [irs! consequence of this is thst the effert nasded
inecreases enormously with the nurber m of indegendert variabless even with

the assistance of I B ¥, machires tclerably acourate solution to problems

with m» 2 cannot, in cractlice, be obtainad with’n a reascnably short time.

The subsequent dlscussion i3, therefore, limitad 4¢ the case m=2, with two
independert variables,

Seccndly, the larpge number of crerations reguired limits severely the
completion of each oceration. 4s in the integration of crdinary 4iffer-

ential ecuations, there is scme cheine betwear decreasing the number of

operations and decreasing thtlr “Qggglcag;qg,.qsn with twe independent

variables the complications rﬂgui ! tc~r§3yc *the nunber of ogeratlons
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sacrifice some accuracy there may be an overail gain,

This brings us to the tnird polnty namely, that in two-variable pro-
vlems there is a much greater premium on accuracy, In fact, it is very
4ifficult to estimate the abscolute accuracy ootainable with a given method
of integraticn, and the necessary magnitude of n has been found mainly by
experimentation with particular pretlems,

g,1«1 Hydrodynamical Fguations,

fhis chapter is concerned mainly with the intepravion of cne parti-
cular partial differential eguation, that of ‘he radially symmetric {lcw
cf a fluid in space., Analogcous methods vx~uld, hoewever, exist for many
partial differerntial equations of the second «~'er of "hyperbclie® type;
that 1s,equations having real characteristics ani which can therefore be
sclved by a step-by-stes integration proceas,

The ncuations of symmetrical motion of a flaid in spacs ol K -ilnen-
sions (k = 1,2,3) may be formulated in two ways, from ahichi the two prin-
sipal methods of integration are desired, In the first, or Lapgranzzan
systen, he independeat varilables are the time t, anl a lahel coordinate

3 for the particlsj the dependent variable is the Jdistangce ] from a firni
origin of the particle § at any time t, It is ccavenient te choose for

£ either tne original positlion,r,of the particle before the fiuid pegan
Lo nave

r =% E.0) (1)

,_
-

sr a ™masa variable® m defined by
m ;f,{zi[?i:{( £ ,0

anere /2,13 the origzinal density of tre fluid fn the neighborhood of the
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particle é . (The actuads rass. differa-by a factor 7T or-%gz, for k = 2, 3).

L ) . e L] .0 o =

With this notation the ec'luatniien; of-ixoéi.en?gf the fluid is

¥R - —(E) k-—l/)o 3p = - (B %‘ﬁ

ate r dr (3)
where p is the pressure at the point r, t. The pressure is some given
function of the specific vclume v (equal to the reciprocal of the density)
and the entropy 5. 3530 long as the rotion is continuous and heat condition
is negilected 3 S = O and S will be a function only cf the label r or m,
determined byatﬁe boundary caggitions ( a particle will only enter the field
of 1integration after it has crossed some boundary). The specific volume v

is given by the equation

k-1
vei (2 AR = 2K
/o \T dr  am (&)

The second, cr Fulerian, formulation of the hydrodynamical equations
regards as independent variables t and R,and as dependent variables the
velocity u, pressure p, density /p . The equation of motion then takes the

form

ap = O (5)

o4 + udu ¢ 1
at R Ve 3R

while Bquation (4) is replaced by its time derivative, the equation of

continuity

u +
3R (6)

AL + u gyl .ﬁ/g(au_ gk—égu ) = 0

6,1-2 Characteristics.

The local "sound velocity" at any point in the fluid is

SRV

c= VAap/2,)g (7)
. If an infinitesimally weak disturbance be superimposed on the main

motion of the fluid, this disturbance will spread in all directions from

any point with the local sound yelocity’¥efitiVe to the fluid, A disturbance

[ d L] L

- - = L] L] o e
*® 900 o0® 8506 See e
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Ii.dj-clpa? therefore, that thia small
TrIturbaace must alwayvs remain xlthin the limits Aefined by the two caths
in (R.t) space, passing through (Rg,t,), that are the solutions of the

two differential equations
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e
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The twe cne-parameter families of curves defined by these equations
in (R,t) space are calied the characteristics. It can he shown that they
Limit the reglon over wnich any disturbance {not necessarily small) can
spread, provided only that no discoatinuities are formed in the fluid,

Tf the fluid motion be known up to a certain time t, over the interval
Ri&R&H , then, provided there ares no discontinuities, the differential
=quaticons will define thne subsequent motion only over a repion that is
the lesst region bounded by characteristics passing through Ri:Rq for
whish L3>t 5 and,conversely,the motion at any point in this region is
determined by conditions within an approupriate subinterval of (Rl,Re),

This properiy of tne charac!eristics is mest imocrtant for the nume
2r1cal interration. For,elearly, ne method of integration can give correct
“sgqulta that attempts to calcunlate, from the interval (RAS RER,) at time
Tor the values ¢f tne viarlables withoot the rezion bounded by charaster-
2tlzs through R, Ryy in fast, the attempl te do so will lead to instability
8 is shown pelow in 6 4,

In terms of the lagrangean variahles of Seclion 6,1-1, the paths of

‘he oharasteristics in (r,t) or (m, %) spaze are viven by

ir R,"E(/’g’
b5 -

1 (9)
%‘_i-n. = (kqx.:.)i/dt". oo- :..

se ose 4 eee 0 L
- >
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Tne only discontinuily tnat can arize in the types of motion conside-~ed

e Gwe 00 Sce 880

% . e, % 3 se o o ,

nere i3 a shock wave, thalsisste sty 8 surgace in the fluld across whizh

= zeo® ® See 0% o0

the pressure and material velocity charge discontinmaously, Sach a disg-
continuitty moves relative ta the fluid wibh a velecity which is greater
than the local sound velocity ahead of the shock and less thar thad behind
{otherwise the discontimiity would be unstable ani break up into ordinary
acund waves), Since it is sapersonic wit: respect to the fluid ahead it will
aivance more rapidly than the charasteristics wnicn go in the same direztion
and which therefore are gralaxily eaten up., Conssquently the motion of
the fluid ahead of the shock (but not the Limit of contingous motion) ig
deterrined independently of the presence of the ghock, Waen sonditions
a1ead of the shock are known,there is one free parameter in the values of
the hydrodyhamical variables tehind the shock in terms of which all quan-

: , . (1)
titirs may be expanded by use of the Aankine-Hugonjot equations' [ Phig ome
extra cendition needed to define the motion of the shock i3 provided by the

sharaczteristics that reach the ghock from tehind, {The shock is subsonic

F.

aith respect to the fluid nenind it,} The characteristics of the opposite
system suffer a discentinusus change in direction on crussing the shock,

The situation is 1liustratel in Flguces 1,

L T
=%

7K e

- A
+93i555: /////4/ :
SHOCK FIGURE 1.
\+CH.__ L. %7 sse 200 oo
== L o33, 0
T T e e Tvee eee eme I TTIT

Py

~

See Sestior 7,2«1 Gelow, serees o eee 0o
s
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£.1-3 One Dimensicn: Riemans®Methosh, °*
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The methed of integrétfim%“ bza.sed:*oé*?,h% Eulerian equations (5) and (6)
is essentially a generalizaticrn of the well-known methcd of integration
of the equations when k = 1, ( 1line}, and when the pressure is a unique
function of the density (or the entropy is constant), developed by Riemann,
It will be useful to outline the theory here for later reference.

If we nultiply Rjuation (6), with k = 1, by c%o and add to Equation
(5) we find

28 +#(u+c)au +c 22 + U 32 + 1 3p = 0  (10)
It : 3R £ 2t £ B3R P 2R

If p is a unique function of A then 3 p = c? 2L s and if we introduce

3R akR
Riemann's funetion

P
G‘:J%L :/ (P e)dv ! (11)
v

(where the lower limit of integratiocn is arbitrary) then we can write

Bquaticn (10) in the form

A ustg)+(u+e) Jusy = 0 (12)
Jt 3 R
Similarly
Du~-¢) +(u~c) W-g)= 0 (13)

These equations state that aleong the characteristics with slope
{ugec), (ute) is constant, In some special cases (when p & /Dx and
¥ has certain values) these equations can be solved analytically and the
problem is reduced to the solution of ordinary ditferential equations
presented by the boundary conditions; generaliy, however, step-by-step
numerical integration is peeded,

In such a numerical integration we do, in effect, regard u + 5 as

the independent variables, from which u & c are calculable, and R, t

a8 the dependent variables. It::igffnc‘: 3t dondenfeit to picture the steps

e® QoS voe ©¢2a

of integration in the ( R, t) phase aérddd Hifleh. the characteristics form

APPROVED FOR PUBLI C RELEASE =~
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another coordinate network Ohevadiies. Aletees ¢, Thus, 1f we kuow the values
e s te s e o2

o ot Y0t 8.8 e s NP
of u and ¢ in an interval RySREHN: attite Ve'y#e subdivide this Interval

by points Py, s0 that the variations of u or ¢ setween two adjacent points
are small, ard construct lines having slopes u g ¢ through all the Py,
Consecutive characteristics of opposite systems will then meet in points
Qs whose {(R,t) coordinates mav be found from the slopes of the intersecting
characteristics and whose {u ¥} coordinates are determined vy the pari-
iciular characteristics that interssct,

This enables us toc find R, ¢, u, & at all the points Qi,which can
then be taken a3 base points for the next step 4n the integration. The

process 18 illustrated in rFigure 2,

FIGURE 2.

We omit any further details here 35 the procedure is well known, and
indeed can te reparded as a special case of the proceduress discussed in
3ecstion 6,3,
£.1-4 _Vethods of Integration.

Ne shall now deal exclusively with the equations for radially symme'ric
motion in space, k = 3, Tt is natural to try to peneraiize the methnd of
Riemgnn to this case, However, the additional term, P u/A, i» Bauation {5)
causes to appear a term g 2uc/R on the right-hand 3ides of {127 and (13)

o that u 4 6 are no longer conserved alone the characterigtreg, Indeed
there i3 nc function of the variables u and ¢ that iy conserved azlong the
characteristics in this case {not even in the plane case when Lhe eniropy

{3 not constant, )

APPROVED FOR PUBLI C RELEASE
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Nevertheless, it will Re-copvendent often to think of the character-

[ .
. . . [ ]

istics as if they carried witsh thed thé-vilud. 5 some function, as u % 7,
so that the physical conditions, velocity and pressure, at a point are
determined by the intersection of two particular characteristics. In
genersl, the conditicns at the point are dependent not only on the
particular characteristics but on the path followed by them, although
their 'conservation property' is still true over infinitesimal distances.
A method of integration can indeed be devised which takes these factors
into acccunt, and this is the subject of Sectiocn 6,3 below,

While this method is, in some ways, the most natural inassmich as we
follow the paths of the signals that determine the fluid motion, the
operations to which it leads are somewhat complex; in practice,therefore,
their number is restricted and the accuracy limited. The most useful
applicaticn will usually lie in exploratory work where the qualitative
features of the motion are more important than the quantitative,

When, however, I.B.M. machines are available, greater accuracy is
obtainable with the same effort by a method which uses a large number of
relatively simple operations; such a one is most conveniently based on
the Lagrangean Bjuations (3) and (4) and this is described in detsil in
Secticon 6.4 below,Because, however, this integration follows paths diff-
erent from the characteristics,certain of the boundary conditions are
troublescne to handle, This forms a large part of the subject of the
following Secticn 6,2,

These two methods represent somewhat extreme positions in the balance
between number and simplicity of operations. It seems, however, that an
intermediate type would be both too tedious for manual calculation and too
complex for the present scope of meghagipgl computations; though with the

development of the latter, the optigum ﬁaé'wefl nift’ in this direction.

a2 SI® SEO MG HEH e

There remains one very differeit ?ﬁy,ofiﬁénjxgng»the partial diff-
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erential equaticn, Whern the® ﬂnf&brf’iﬁﬂ'of‘s@vetal problems of a similar

type has been made, it nﬁj be.fOﬂn&“tbaj thsqeelutioﬂw 2an om represented

“« @
. .O. 0 ... .0. LX ]

(approximately) in some rather simple Guasi-analytic form, Forexample,
it might be that the pressure gradient was nearly constant in apace, so
that the pressure at any time and place could t# expressed in terms of tweo
numerically-given functicns of the time, Tf such is the case we may try
to sclve another protlem of the same type by asauming the same quasi-
analytic form for the scluticn, and it may be pozsible to chcose tuis in
such a way that the whole prohlem can be reticed tec the soluticn of a
systen of ordinary differential equations, Trese equations would be suit=-
able averages of the true equations, chosen,if convenient,by 3 variaticna’
principle_ When, however, uiis has been tried in practice, the resuliing
equations have been a0 complicated as to cutweigh the advantages which
might otherwise ne expected from this approach,

6,2 BOUNDARY CONDITIGHS (Skyrme)

The boundary conditions needed to determine the solution of our
differertial equalion are s3laple in theory, Jf the integraticn staris
3t time t, cver an interval | 1% R€,, we must snow the initial velocily,

pressure and entropy or density distributicn cver this intervaly then,
unlesg discontinuities form, the sclution is determined over the reglen
vounded by characteristics through Rj,R;, If we desire to extend the
soluticn beyond either of tnese bourddaries, then we must supply cne add-
iticnar conditicn at the boundary ¢f the field of integration to¢ replace
ine informaticn sunplied by characteristics coming from without the fleld
which must be eguivalent to cne relaticn, explicit or impliclt, hetween
the hydrodynamical variables at esch instant of time,

The toundaries of such aregion within which the integraticn is
~ontinuous way be paths along whirn a.,;wditécn.Ag prescriced a prieriy

or interfaces between two media On dianU,qui%ies.in the {luid motion,

*rat is shockwwave fronts

ses
(Y]
o

NEXT)
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Suppose first, for exangle, thgt the motlon of the particle which is at

R) 4t time t, is given, Then at cveq} time'w% shall know the velocity for
a cestain value of the radius R, If we combine this information with that
supplied by the characteristic coming froa within the field of integration,
wWa can determine(l)the pressure &t the point and thereby extend the field of

(1)

- - O i ———— > =

Speaking rather loosely in the sénse mentionad - Section 6,3~4

. - - - —

T B A S el M P e AR AR B W A B e B i —~—

integration to this point.

Now suppose that Rl were the boundary point between two media and that
the motion of the medium in}féfh_is also being found by numerical integration,
Now if the motion of this interface point were prescribed as in the preceding
paragraph, then we could at every instant determine the pressure on either
side of it by integration frou that side. These pressures must be equal,
however, and this imposes one condition at every instant sutficing to deter—
mine the unknown motion of the interface.

We have stated this interface problem in a somewhat elaborate way as this
is the form in which it appears when we integrate along characteristics to
find the field of velocity and pressure. As such it will be elaborated upon
in Section €,3. But when we are integrating in Lagrangean variables to find R
as function of time and particle coordinate, an interface presents no difficulty.
So long as the acceleration of the intertace point is properly related to the
pressure gradient across the intertace, the boundary conditions look atter
themselves, This will be touched upon again in Section 6.4 It is clear from
this that the latter method of integration is preferabie when the problem
involves several intertaces,

The lagrangean method has however no such advantage when we deal with

shock wave boundaries, and the rest of this section deals with this problemn.

L *e® . ... Q.. ”e
Let us suppose that at time t a shok’ 15'm0Vth 1n—the same outward dir-

eas ... .'l ... “oe e
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If not, the motion of the tluid ahead may be determined tirst and the
same argument then applies,

e o

— Ta A At IR W - -

——

let us suppose that the fluid ahead of the shock is at rest at constant pressure,
If now the vel city of the shock, and theretore its path, were known as function
of time, then the pressure and material velocity behind the shock, being
functions of the shock velocity, would also be known. But through every point

of the path of the shock there passes a + characteristic coming from within

the field of integration(B)which determines a relation between these quanti-

(3) ) T
See end of Section 6.,1-2, .

T Ot

ties. This provides information to determine the values of all quantities
at the shock as functions of time,

This is the principle follewed when integrating along characteristicé, and
it 1is elaborated in Section 6,3. When using the Lagrangean equations we
naturally do not wish to find the paths of characteristics explicitly.

Instead we shall relate the motion of the shock to the gradients of pressure
and density behind it. In this way we leave a small gap between the shock

path and the edge of the rield of integration, and this is bridged by relations
derived from a coubination of shock conditions with the ordinary hydrodynamic
equations, This is discussed turther in the following subsections together
with related problems arising when the shock wave crosses an interface,

6,2-1 Conditions Acruss a Shock~Front,

When we are dealing with a singie shock we shall use the following

notation. Pressure, specitic wvolume, sound velucity, terial velocity,

APPROVED FOR PUBLI C RELEASE
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shock velocity are dengﬁ.‘ed by' p, :\7 ’c, 0 u, U and subscmpts 1, 2 refer to the

low- and high-pressure Bidcs bf tﬁé'&hock srespectively. Then g, Vs W, are

known functions of time and position and the Rankine-Hugoniot shock conditions
(4)

determine two relations between p s v2, u2 - rirst the energy conservation

(4) -
The equation is(1/2Xpy 4 p1)(vy - vp) = Ep~Ejwhere E denotes the internal
energy, a function of p and v. If we neglect the change of entropy across
the shock, p = P(v) is simply the adiabatic relation.

determines

Py = P(vy5 pys vq) (14)
and the other conditions determine that
(u, =) = ( ) )
YRR PR SR Tl = (15)
The shock velocity is related to these by the equations
Po— PP .
Vw4 S Loy ”q/sz-? (18)
l 2 172

Instead of shock velocity in space it is more convenient to consider the

velocity of the shock relative to the mass of the material divided by

2 _
4 R™ , = \/ - -
le has then the dimensions (density x velocity). Analogously, it will

be convenient to introduce the acoustic impedances W.s defined by

~ é Y
W= e/ = (=(ep/ov)) (18)
The stability of the shock requires the condition

APPROVED FOR PUBLI C RELEASE
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A very usetul relatioli ?&’Td\".ﬁd’ 'By’arairfez’-ent.iating equation (15) with

respect to time along the p:ftf_l of"* ﬂhb"sﬁbck. If we denote such ditferenti-

ation by the symbol d/dt, and divide this equation by (vi=v,) after

differentiation, we obtain

,  (waug (dul_duz\ - (dpz_dpl + (pri) dv) _dvy) (20)
v,V dt dt / dt dt \vl-vz, dt dt /

This may be rearranged and written in tne form
X, = X (21)

where X; denctes a combination of derivatives on the i- side of the shock,

®

dv dp du
X = W2 b S e S i
3 12 dt at RPN (22)

When the pressure is a unique function of density

2 A du
o= (W, -w) o+ o, —d

The expression (22) for X; may bte transformed in a number of ways Ly

combination with the equations of moticn and continuity. Using only the -

spatial derivatives of

X =(3vf212+ wi) (v%%) g+ wiz (v-g—}‘%)i - M, (v%%) - 244 {wi - wf) (23)

An intermediate forn which is useful is
_ 2, dvy 2, 2 (_QJ! p _ hugvy o 2
X =(W ¢ W) s " Ay "an) -, (v '5') o M (24)
If we wish to transforu so as to have time—derivatives (at constant mass),

rather than space derivatives, we must introduce the entropy gradient, Let S

denote the entropy or some function of it, then we find

2 . .o ® esn soe oo
. “1‘? ,bpi . y’]z 2 ﬁéui b 4“4 iv i Wgz a i 3\\.
— - - W 3 3 - - ‘ ", 'm ‘12 p ’Y ‘
Xy 6* wy ) \SF) n ¥ %2 # i B o e P T i \d S\fv-w -%H/i
: 5.. L i ; i ..;
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When we cannot neg gf haqus }.qntropy, we shall have to consider

l\t\\\l

also the result of dlixarentfhtinﬁ_ééuﬁtion (14)along the shock, We can

write this as

dp2 - dv2
a """ g t4 (26)

Where A = (apz/a v,) (dvl/dt) + (9 pz/b ;) (dpl/dt) can be considered as
known; if conditions ahead of the shock are constant, A = O, Then Equation

(24) may also be written as

dvyp

2

= - p husv \
X, = (3W] 4+ h) 20, (v Q...)z 2 2(‘%1{)2 - bugvy wiz N
We can also eliminate the entropy gradient from Ejuation (25)

- W5 W2 epé> WZ u Luv
X,5 - (1+ - *» ) - (3+ _._.__. é 2 2

) < .

: "2 W2 ot W2 ) (§T)m R 12

Mo

+ g— A (28)

0,22 Shock Fitting.

When the integration is carried out by the method of Section 6.4 in

5
Lagrange coordinates it is possible( )to carry the integration across the

(5)

First pointed out by von Neumann,

shock as if the motion were continuous, and it will be shown in Section 6.5

that this is a justitiable approximation i1 the shock is not too strong, Even,
however, when the approximation should be sufficiently good this process
introduces superponent oscillations which tend to obscure the detailed structure
of the fluid motion behind the shock and which also make more difiricult the
detection of errors.

Accordingly, methods of ”shocn.fgfgxn&” hdve been developed in which the

shock conditions are satistied cqrrecplj‘and tﬁb psLh of the shock is
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fitted on L0 the boundary, ¢f, W {4eid. f "regular®™ intepratior by means
e T e T e s
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of certain subsidiary caldulatdongimide L,or each Iratant of time at wiien

) 3

the intepration is gerforw«d, The most satisfactosy asthosd ifzrlved [or
it this d: Lased on the following orinciple, T is assumed the' the
varistion of all nuantities between the shock and trne et w of the finli
of integraticn is srall ant may he a33umed lirear in any space variakble,
If ther at any time the value cf the pressure, say, 5@ “rown both ab the
shecek and the edge,the pressure cradtient at the shock may be deduced
{agsumed equal Lo the average graldient over the intervall)y s'milarly for
any cther space-gradient,  When these values are substituted into one

of the formulae of Bguation (l4)we can zceduce the ‘acceleration’ of the

sheck and Tind the pressure pehirnd it at a suhsequent tire, At the sane

'R

at the sheok to extend the £ield

ime, wo usge the knowledge of condit
¢f dnberration out frow 1ts poundirg characteriastic . and the cyrie of
coerzsicng may then be repeated it the next irstant of tireg,

Sonsider the important cage when the fivid ihesld of the sheek is at

rest at congtar? nressure,  Then, In tne nctation ol 8Sccuiion €,2=1,

X g, A O, TL we use tine Biaation (277 for Xp we Firnd that behird the

few]

. \ i [(vap . f
o ""’(#m*w‘)( i _,@_.. , T\ SRl ?;%1'; 29)

In tnis case pe is a known funcltion of vy, and therefore 3¢ alsn

ATE 1z, K4, @y o that ia, all tho cocl{toients in Bouztacon (29 sre
22

krown fanctions of v, The motion ol the shick 13 viven by the eguation
di = v, N, (30
dt o

Suppoge 1t one tire the vilues of R,v = vy are known at the snock,

The praiients (vav, @R}, {vdp dR),

X

%l?”l&tel oy tiking the difference

(¢

dilee.
"

g:cacﬂ

3 ﬁ{vﬁ‘iﬂtegratlmn, respectively,

of it diace ; *eale

Ol V3 Pa Le "‘h I‘hf ars af'fﬁt Vallié ‘; .}bdooot' ®6e sas v
*e LA X ) L4 oee @ » [ 4
- L] ® - . ® ®* = & L J
L] - - - - . s -

APPROVED FOR PUBLI C RELEASE .



APPROVED FOR PUBLI C RELEASE

T I. P twia Y&t
- = = = L ] L2 2] L ]
- - -» ® o e ¥ ® -

and dividing by the spdtThI‘iﬁférV'l"'Ihen Bquation (29 will determine

dvq/dt and (30) gives dRVdC ﬂhU°°E?é’Iound the values of R, v at the shock
at the next instant. Finally, the field is extended to complete the cycle
by using the pressure gradient calculated here to find the acceleration of
the particle at the edge of the field which is not otherwise determined by
the integration behind the shock. In application, the Equations (29) and
(30) are integrated to second order accuracy, rather than to first order as
described above for simplicity of explanation, by deterwining v, by trial
and error so that (29) integrates 'backwards' correct to second order. The
nuwierical value actually used will be discussed in Section 6.4 in connection
with the integration.

As time increases, the gap between shock and the adjacent particle will
increase, and we must do more than just extend the field of integration to
this particle. This point is met by adding new particle-points in the gap
by suitable interpolation when the gap becomes too large,

When the fluid ahead of the shock is in motion, the principle is exactly
the same but the application is more tedious, because the pressure Py is no
longer a function ot the single variable v, but depends also on the varying
quantities pl, vy In the first place Xl # 0 and has to be calculated at
each step as follows. OSuppose that the solution ahead of the shock is known
and that for some time to the values of R, Uys Pps V35 Uy Pyy V, are known,

Then analogously to (30) the shock velocity

4R
x 1Mty (31

is known, and with it the position of the shock at the next instant, For
this new position and time Uy, Pyy Vv, are already known and by differentiating
them with their values at a suitable earlier time we can deduce the values of

L] oo = sew® o6e O

dul/dt... at time t . Then X; néé b% éalc@la?ed:a%cording to formula (22),

80 PPO Se0 So® ess v
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We have calculated Xj,and wzz is a known function of pg,vs. ‘I’l'xer‘e--l2

fore, dvy/dt may be evaluated and the cycle of operations completed just

as before; only when we have found vz,vl,plt at the next inétant we have

to calculate pg from the energy formuls (14)0 The operations can be made

cerrect to the second order as before, but with correspondingly more effort,
In application it may be more convenient to perfarm the intepration

similtanecusly on both sides c{ the shock, although of course at each step

we must integrate aheal of the sheck first, This latter integration can be

made by using the ordinary equaticns over the gap between the shock and

the edge of the field; no adiitional Information is needed because the

shock runs into the characteristics ahead of the shock,

8,2-3 Shcck Crossing an Interface,

When a shocik-wave crosses an interface between two différent media,
a disturbance will, in general, be reflected back intc the first medium
and there will be a sudden change of presaure behind the shock, These
rapid changes over short distances cannot be naniled very satisfactorily
by the integration orocess, 7I1f the shock is being treated by the approx-
imate method described in secticn 6,5 this does not matter much, but if
the shock is being treated as a discontinuity by a process such as that
described in the last seciuirnyundesirable fluctuation will be intrcduced
unlegs some way 1s used of getiing away from the region of very rapid
change,

The méthod adopted has been to use an analytic expansion for tines

and pcsitions close to the instant the shogk craesses.the interface, and

this will now be described, We will:é}g%géé.gﬁht;é_énack is reflected

asap = we> 2 &

back into the first mediumj then the”adlacént boriidn of the {(R,t) plane

e
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Reflected rananitted

shock

Incident
shock
Interface R

Figure 3
Region O is that ahead of the incident shock, 1 is behind the incidert
and ahea? of the reflected shock, 2 and 3 are the regicns in the two
media belween the reflected and transmitted shcocks, and 4 is ahead of
the transmitted shock, The 3oluticrn will be known in 0,1,4; now the
preblem is to find an analytic expansion for regions 2 and 3,

Since pressure and velocity are continuous across the interface,

it w#ill be convenient to determine first the values of p.u,(%%%)m,(li%q

a m
at the interface., When these have been found, it is easy to determine ihe
values of all other guantities and their derivatives from the hydrcdynamical
equations in the twe repgions,

First, to determine p,u we must use the Buations (14 hnd (15) across
the reflected and transmitted shocks, Since UiP1V]: UePeVe are known
thege will determine two relations between the values of p,u at the inter~
face, As ps increases so does ug and the relation between p,u so deter-
mined may be repregsented by the curve T in the Figure 4. Similarly

QEbck wMmich” Eas negative slope

a curve R is determined by the refledﬁg&z
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in the (p,u) plane, The lowes g ! !nt:—ém-yle:a@urwe 1 is (pl-“l) when the

cted shock just vanishes. I'f u('pl- ul) 1fe. .anve the curve T there i3 a
rarefacticn reflected,not 3 shockgand this case i3 discussed in the next
siabsection, W#hen an intersection existﬁs,its cosition may first be found

aporozinately from this graphical picture and then by analytic approximaticn,

Pa

»
7

Figure 4
ANnen pp=py, Up=tig and therefore v,,ve,.,, have been found, we can cal=
culate (dp/at), (du/dt) by use of the formulae of Section 6,2-1. This
requires the sciutlon of the two similianeous linear equaticns,

X, = X,
(=)

. b

Here X1, Xg are xnown now that the inltial shock velocitles have been found,

and X5, Xa are taken in tne form of Bjuaticn (28) wherein the only unknowns
aow oare (3 p/at),(du/dt), W, A are calculated from the derived form
of Bguation (14},

5,2-4  Refiected Rarefactlion Wave

- R TRy

If, in the {p,u) diagram of the last sunhsection (Figure 4 ) the

point {py,uq)lies anove the curve T, then a rarefast!lon wave 13 refllected
2 . ll 1 ¥

vack into the {irst medium, The regfons 1, z of- Hvur'i' ¢ 3 are not gep-
ated now bty a line of diqcon\.muu.y"ou: by a.:_xqi:a Jegion F covered
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Figure 5

The boundaries of regions F and 1 and F and 2 are characteristics, having
initially the slopes (ul-cl) and (ug-cg), respectively, and all the charac-
teristics of this system in F pass through the apex A,

The condition that determines ug,p; and provides the continuation

downwards of the curve R in Figure 4, 1is !

g + 02 = U] +0) (34

whare o~ is Riemann's function (see seztion 6,1-3) taken at the entropy S,

which is junchanged through F,

o j (/oz)dv-.-J;(«ap/bv);‘/z av (s5)

Anen uz,pz,vzhave been determined we may determine (& u/d t'), (ap/at)
2t the interface in a way similar to that used when there is a reflected
shock, The Bjuations (33) are replaced by

Yz :Y«.

+ (38)
Is = X4

Here Y is a certain function of the derivatives of u,p, that is con-

served acrogs F, just as X i3 consetrved across a shock, The expression

for ¥ may be written as . see s sse ses oo
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{37

where (u+ O is a constant equal to the value of either side of Bquation ( 34)
and the upper limits of the integrals are arbitrary, (v 83/91) has equal
values in regions 1,2 because the entropy is conserved and 2 contains the

velocity ani pressure gralients,
Z=147% [(’au/ dt) +(VoF ap/d ':,)mj { 38
- rc,;—;[al/'an +1/07) (2p/8R) + 20/%] ( 39)

Tnis case 1s then just the same as in S:ction 6,223 except that a special
treatment Is needed to find the analytic expansion for the region F, If r
is a lagrangean coordinate as in 8sction €,1-1 and r = a at the apex A ythen
it is convenient to introduce a variable z defined by
= {a-r)/t (40)

wnere t is measured from zero at A, Then in F the analytic expansion can
be written 7

A{r,t) =a =t 4’,{'2) + 1/2 t2 ?*[.(Z.) (41)
The expansions forcb{z),d%(z) are most cenveniently expressed in terms of

a parametver A, related to z by the equation

2% = -(3p/av), (42)

587

Then we find

P (2) = (c*o-)vz/“- (u+ o) (43
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and 7
P.(=) = 2(H Vpe), s, + (vIS[IRNOp/AS)u s, +

k-]
L
-
L ]

2fa |l — = (44)
/ [ (Po ...I)+ 2¢ (=40 -g) S,
Here H(v) is defined by the equation

(45)

Y(v) = I(v1) = Y,

6,5 INTEGRATION ALONG CHARACTERISTIGS (Skyrme)

As has been stated in Section 6,14, the generalization of the Riemann

method of integration to thres-dimensional problams does not leed tc a

very satisfactory method of integration, Nevertheless, when mechanized

caleculation 18 not available, it seems the easiest to use, For this

reason we shall deascribe in some detail the handling of the eguations,

In the three-dimensional case REguation (10) contains an additional
term, becoming
due) Ot + (Lsc)Ouw/OR + C/p[(<5p/dt) + 4 (Ip/0 R )]

+ '/p(&P/dR)‘f QUC/R:O (46)

Now the pressure is a function of the density o and the entropy,
In the most usual type of problem the entropy of a particle is constant

throughopt the motion(s) and ;therefore, if we differentiate along a stream-

lina ’
dp/dt + u.(dF/d.R)= c*(0p)ot + mdp /OR) (47)

F

— - BAR B XY S XY
C) . . - hd -

%) R R -
If the entropy were a functioh of the tim¢ orly, we could transform

the term /o (Jp/IR) imle c.‘/[;'(ézjéﬁ)and derive similare quations;
in the most general cass when thé ¥ntpody talide both in time and

space, an additional term haj t bo,fde’}cd 't the equations,

L
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Eaiation (48 may thePeford "De"¥Writiren,

(du/dt), + 1.,//(: (d;}'/;-dtg" E: -°3m57’ﬁ:" (48)
fhere (d/dt), denotes differentiation alonz a 4 sharacteristic, 30 that
(AR/dt), =u + ¢ (49)
Mwo similar equations may pe derived by changing the sign of =2, namely
(dufdt)‘ - 1449c(dp/it)_ = 2uc/R (50}
and
(dR/dt)_ = u - ¢ / (51)

Thege lazt four equations (13)-—(51} on which the integrzticn is baszed,
may be nandled by two different ways, 1In the former, we regard t as an inle-
pendent. variable and foliow the characteristics at succesive values of t,
This is discussed further in Section 6, 3.2,

Alternately we may regard these equations as a set of four simultaneocus
eguations for R,t,u,p as :unctions of two parameters labeling the character-
istics, If we solve the equations from this point of view we shall obtain
a number of corresponding gsets of values ¢f the four Q;riables. This i3 des=
cribed in Section 6,3-Z,

If we do not require a very detailed picture of the fliid motion. the
second method is preferable, as it usually 2l1lows rather larger intervals to
ve taken, However, a detailed picture of, tor example, the pressure dig-
tribution at each instant can only be found from this methed cf solution by
sursequent interpolation; in such cases the first rethod would be hetter
suited to the prehler,

8,31 Ttgnsformabion of the EguatiQEEL

Befcre changing the ahove egnations into differcrce equations for the
numerical integration, it is often destrable to transferm them slightly,

Equations (49) and (51) for the paths of the characteristics cannot profitably
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be altered, but the other twd maj b tringforidd along one of the following

lines.
First, in the special case when the entropy is constant and p is a

unique function of/o » one may introduce Riemann's function g instead of p

as dependent variable

P
] :/ dp/pc (52)

and then (48) or(50) become

d(us ¢)/dt = 5 2uc/R (s8)

Even when the pressure is not a unique function of density, it may be
desirable to introduce some dunction f(p) such that (pc)(df/dp) is more
nearly constant than o ¢, In most physical problems the value of 8’=p[/>cz
is nearly constant. This suggests that we divide the equations through by

¢ and introduce log p as dependent variable.

2 =
l/c(d“/dt)t‘i p{;;c (d log p/dt)j == 2u/R (54)
This form is useful if ¢ does not vary widely over the intervals desired.
On the right-hand side of both these last equations we may replace u/R by
use of the equations of the characteristic paths,

u/R = ngzrb)(d log R/dt)t (55)

In some such way we shall transform these equations into a form
A(du/dt)y ¥ B(d f(p)/dt)s = 7 C = 7 D(d log R/dt)s (58)

such that the coefriceints A, B and C or D vary as little as possible over
the intervals desirable. If this equation be integrated over an interval

/)t along the + characteristic we shall obtain

K(pu) £ B(af(p)) =3 TAL) = 7 D(Alog R) | (57)

where [\ f denotes the change in the value of f over this interval and I, B...
denote ceriain average values ofstééé; %9ef?iépiﬁ§é.

When we use (57) as a diffefencé"kaﬁégégn=then§ averages must be replaced

i
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by a combination of values of°ph&=oowf?igﬁqﬁﬁs;':lf we use small intervals,
IR T - S
e L4 -« h
then firgt-crder accuracy will be Sutfi33%27€ a¥! we can replace the average

by the initial values in the interval. Generally however, it will be pro-
fitavle to use a formula correct to second order ac that larger intervals
vay oe taxen, If{ by iteration or some other method we can ottain an approx-
imate vaize of the coefficients at the far end of the Interval,then second=-
orier accuracy will be attainel oy the use of the arithmetlc mean for the
average, Accurizy of nirher order zould he reached only by the use of much
mere corpylex formulae,

The same considerations apply tc the other two eguations which will

2ive on integration

£

Al =f(ua+c)d (58)

and the avera-e oipral velecity may te reglaced by its initial or arithmetic
Tean value as w:th the cther ejuations,

8 3=z firaz Me‘doﬂ of Inteigatic"

-
-

it Repular Integration
sucpese, as inSection €,1-2, tnat we know the values of velocity,
cressure, entropy within a range R}, S i & <R at time t , WNe take 21 get of
) 0

points Py ebenly spaced {not necessarily at equal intervals of R) in this
interval,netween any two of which ‘he hydrodynamleal variables change little,
Farcush each peint P will pass 4 characteriiaticzs having gslopes

u + =, wnich lalter are calculable from the ¢ivern initlal conditions, If

we now sclect a later tirve ty = to + A% then in first approximation these

. 1
characteristica will pass through points Qj in the (R,t) plane where,

sccording te B8,

Qs = R(PY) 4 (u 4 elp, (AT) (69)

Also if we integrate along these characteristics to first order
we can find the radius of Au 1‘§ie'fpd a® Qe"ﬁeépevtively. Thus, from  (57)

8!‘

put

m
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wneore

wrers, for brevity, A, derctes the value of & at Fy, evc, Suppcse now the

poiat Q7 lie hetween QJ' and Q.
19l

() S RULILRQ T (61)

Than we use linear faternolation over tnis interval to determine the valus
of Au=Bf{p) at U * 74,9 .ave values averazed tetween those 3% the ends of ths

S

interval )}, If this is combined withh *he value of Aju o+ Bif(p) e termined

from {60), we can [ind the values of u, f(p) separately 1t the point 20t .
N -8 1 ] . +
¥e 1130 need to know the value of tne entropy at , » 3y hypcthesis the
entropy is a woown function of the particic lacel-gooriinate, ™i3 is found
oy intsgration of one of the equatirms (3

fqm e ) .7 g rge ) L 2l { i 30

;x,im/ lt.,l:g =2 x‘/ﬁo‘: -.,\j.v 1&:/2 = 1 uR ‘x/Cr’ (’_) )
(this i3 treated 13 a difference equati-n exactly as in Bquaticn {5683 )

Now that me have detervicel the valaes =f all variunles at the

points Qi= (the end points may nave 1o 2e treated spe=ially i in (2) below!

we can caleulate the values of A,S,,,,,,there at,ar.l tnen repeat the intesra-
tion to second-oriler accuraly by using arithretlis nears Tor the 3verage
in the Tiffevence Tormulie, In guvseduent steps of the interration 1t will
noL be necessary Lo carry out the Inteeration twice; it wili ne suffic{ent
to use values of A,B,,,,at the far ands of the intervals deternine] sy extra-
polatien along the paths of the characteristics and :arry cut the second=-
order integration i-mediatel

{2) Boundaries

Consider for example an interface Letween two 1iffcrent nedia,
Tirgt we must follow the path of the interface {rom step Lo step just a3 we

follow the path of a characteristic, using the eguation

.0
. wos %

(d‘q/dt)interfae' e:.i;“ AR K (63)
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the new Lime tl, when we have found the position R of the interface, we ex-
trapolate the values of Au+Bf(p) from the left and Au-Bf(p) from the right
to this interface point and then solve for u, f(p) 2t this peint as usual
(the values of A,3 and the form of £({p) may, of course, he quite different
on the two sides of the interface), The only problem rema ning 1s that of
the continuation of characteristics that ercss the interfacey elther we may
interpolate to find the time at which the signal crosses the interface ani
the new value of the 3lope of the characteristics and then treat thiz chare
acteristic specially for the subgequent interval (because the time interval
is not the normal one), or we may drop the characteristic when it crosses
the interface and introduce a new one on the apprcpriate side starting from
the interface at one of the chosen tires tl’

The progress of a shock bouﬁdary is treated similarly, The shock

path 18 found by integration of

(dR/dt)gp oo = U ' ( 64

wnere U, the shock velocity, is a function of the known corditions ahead and
any one variable behind the shock. The vaiue of AusBf{p, extrapolated from
the left gives a relation between u,p 3t the shock which determines u,p
separately by combination with the shock conditions, This all assures that
the solution has been found ahead ¢f the shock,and this zan always be done

as explained in the last section: in practice i1t may be -onvenlent to perform
the integration simultaneously on both sides of the shock,

8,3-3 Second Metnod of Integration,

(1) Regular Intepration

Pt

Suppose, as tefore, that we are given initial valnes in ar interva
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R £ 7 L Rg at time to' Then In just the same way we can finl the initial
;5 : :o : :O : :
slope of lhe characteristied thrdugh 2 et lof points P,. Instead, however,
; ® o008 v ~ sees wee we + 1

of finding the points wnere these paths cross a line of fixed time t. in

ES

the (R,t) plane,we find the points Q, of intersection of adiacent charicter-
4

istics of opposite systems, Then,%o [irsgt ordar,the values of R,t at such a

point Qy will be determired %y sclving the s3:multanecus equations

3

it

R(Py) + (use)p, (ﬁ'tpi>
i (695)

1

R( o) - )
(\Pigl) ¢(u-p}p,*, (t=tp, .

- 8

where in this case tp‘ = tp{ 1 = Ly, Next we ["nd by use of Bqisticn (60)
I8 *

s

{where & t has now the value (tch() or (L-:pi+l) ), the values of Aiu+81f(p)

and Ay gU- By 5 f{p) at the {same) pcint Qy,and these may then be solved for
u,p. The entropy at Qg is fo.nd in the same way by integration of Equaticn

{61} along either characteristic,

#hen this rirstecrder interraticn has been comoleted, the sesond

193

approximaticn can be carricd cut In juat the same wa.,using the first-order

values at Qi to find the mean values of A.B,... ovar the Intervals, In the

subgequent Intepration we 17ain use an axirapolation preocess Lo debeecnine

approximate values of A,B,. .., at Qi. llowever, in this method it is not cone

venient to extrapolate ilong the characteristics (because the intervals be-

tween points determined may be Irresular in any reascnasle variable!

» The
simplest method seems Lo be the use of linear interpolation cver a quadrangle
in

n the (R,t) plare bouinded by characteristies, Thus,ii the next points

determined on the # characteristics through a coint P are Q,R respectively,
and we seek now the values of the variacles at the intersection & of the cther

characteristics through QR See Figure 6 ), ther as first approximation
g

to the value fg of any quantity f at 5 we 2

ssume
fs:fqhkf,tf-fP ees new v (66)

L]
]
.
.
.
]
[ ]
L]
[ ]
L]
L
ik
.
»

1
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Figure 6,

It has been . found convenient in some cases, where the varlations of mater-
ial velocity u are greater than those of sound velozity ¢, to preceed by
assuming a value of u at-5 ( in first approximation given by (686)), and cor-
recting this until the values of the pressure determined by integration along
either characteristic become equal,

(2} Boundaries
The treatment of interfaces and shock boundaries is rather trouble-
some by this method, Since we cannot carry characteristics across an inter-
face in one step we must always arrange that one-of our intersection points
di lie at the interface whenever a characteristic crosses it, Suppose that
the point P of Figure 7 lies on the interface and that the + characteristic

RS crosseg the interface before S,

Figure 7

The position of the intersection T of this characteristic with the interface
may be determined a3 for the intersection of two characteristics: next we have

to determine a point Q' on the + characteristic PQ such that the -~ character-

istic through Q' pass also through T, .Th Ebéinﬂgf %;}:Egen be treared 33 an

intersection of characteristics througk”R;Q"“{ﬁ Ne Usual way.. The procedure

3 > ’
" s

El
2
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is tedious because it may bé. _eg }ary té cﬁhﬁge the position of Q' when
going to second approximati;ﬁ- %hi 1n€§55513t10n formulae for finding
positicn Q' and the values of the variables thereat can easily be obtained
from the fortiulae used in Section 6,3-3(1)

Shock boundaries are rather easier to handle, Suppose that in
the Figure 7 P lies on the shock and that PT is the path of the shock,
Suppose we assume a value cf the shock velocity U at T;then the material
velocity and sound velccity are deteimined simultanecusly, We can now de-
termine the positicn of T in the usual way {correct to second-order) and
integratign along RT gives a relation between u,p that must be satisfied at
T. The value of U assumed must then he corrected so that this relation is

true at T,

6,4 _NUVERICAL SOLLTION OF THE HYDRCDYFAMIGAL EQUATICHS ON
LB Y, VRCAIRES “(Nelson

6 4-1 Anaavtic Form o? the Egjaticns

In the preceding sections of this chapter, the hydrodynamical eguation
and methods for its soluticn are discussed, The numerical metho&s get the
solution by integrating step-by-step, from one interval to the next, 1In each
intesration step they inveolve an appreciable number ¢f elementary calculaticns,
If a detailed picture of the fluid metien is required, small intervals must be
used ; then there will be a large number of integration steps and an enormous
number cf elementary operaticnse—-cf the order of a few hundred thousand, Such
a large number of operations makes the doing of even a sirgle problem on an
ordinary calculaticn machine almost pronititive, If several problems are to
be solved, it becomes necessary to thoroughly mechanize the method of solution,
In this section a method is described in which the routine operations are done

on 1.B,M, machines,

spuUaGe

siae®
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The Lagrangean represefitation™desrtbett in 6,1-1 is the most convenient

form of the hydrodynamic equation’ to-ase-inm 1. B, M. machine solution. It is

a partial differential equation with two independent variables, r and t.

Q%R _ R? 2 3p
2o g @

Here as in 3ection 6.3 the problem is restriced to the case of spherical
symmetry. The coordinate r identifies a spherical shell of material, it is
the radius of the spherical shell when the material is in a standard config-
uration of uniform density, ;% « R 1s the actual radius at time t of this
spherical shell. p 1s the pressure. It is & known function, the equation of

state, of the specific volume, v, and of the entropy S. Also, we have

_ 3
vav, 2k (¢8)
or ‘ . _

Conduction of heat 1s neglected; therefore, so long as the motion is continuous,
the entropy of a material particle does not change,%?%-z 0, What happens at a
discontinuity is discussed in Section 6.4~5.

b.4~2 Difference Form of the Equations.
A solution to the problem 1s the obtaining of the actual radius R, of the

spherical shells idenfified by the coordinate r for all times t, of interest.
In the numerical solution, R is cazlculated for a discrete set of values of r
and t. These values of r are labeled.by an index i1, which will be used as a
subscript; the values of t are labeled by an index n, which will be used as a
supersceript. Thus the radius of spherical shell i at time n is R?. The

derivatives in Equations ( 87 )Jand(88) are approximated as finite difference

oxpressions.
4l n =)
2R N Ri - 231 - Ri

bt‘ (A.t')... - [ 2 A J ". ;le

3 TG i

aBB (R;l) — (‘R;l:-l) se e89 eaw ww
m‘_‘.—-—) -3€ ;.- .-:_if: : ; 5.3

dr PR R

Atz N+l T
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The partial differentjal- "¢quabiorF thershecomes a finjite difference equation,
n+) n _ pn-l :ii by 2f Do 3‘_: n

ey N O Y Wl

(At)2 rf Ar
or
2, n2

R = 2RD . g+l + volAt) (Ry) : P, - ph

b i i Pf Ar i+£ i-'i {(71)
n_ _ n

Py_y = P(¥yy 5 y) ' (72)

n3 n 3
n_ _ (Ry)" = (Ry_3)
Vig T Y i : -1 {73)
Ar-

The difference equation represents the differential equation exactly
only in the linit as Ar and At go to zero. Since finite intervals are used
in the numerical calculation, errors are made. These errors can be studied

by expanding significant quantities in power series,

Ry = Ry + (a) (tt”)é ) (-t 2 1 53R> (t-t™)3 1 (—T@ (t-t)4

R;”J = RZ + (—g—ﬁ-) Dt + é(b ) (at)? 4 %<§t-;§> :(At)3 + lzz(ﬁ:;%:(bt)k

T =g -(2R _QTZR>" 2.1 (23%\" A3, 4
! (at) At §(at R < (ay)i(m) + L @—}) (At)
1 n n—J
UL L1 ~-Q-2R) @— (o324 ..., ..
(At,)z i . Srerserssvsionnnne

Thus the difference equation (89 )represents %—z“i evallmted at time np and point.

2.' ... - = -
i1 with an error proportional to %1'.) <" If‘ 34; w;,re uS'ec' to represent@fg at

any other point within the interval n 4.1 a.nd s 1 P the‘ serror would contain

I B
*
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terrs proportional to Zl;thiaTﬁrb:gngadﬁT oprof the derivative at the midpoint

of the interval over which tfe“ﬁixfefbﬁf“f are taken is called a certral
difference. 1In the absence of specific information concerning the higher
derivatives of a furiction, it is best, For this reascn the specific veolume
obtained by the differencing process in Equation (73) is labeled V?*ﬁ, i-%
is the midpoint of the interval between i and i-1,

3imilarly, the other derivative in Equation {67) has the expansion

fap\" o Mp Py /3% (arh? 4
\dr3 5 Al 24 5(r3).3 .

\
This equation gives the error in ZP as calculated frem a set of known values

of p, But in the actual numerisce 1 sulutiou, p is caleuvlated from v and 3, which
may themselves be in error, The entropy, 5, will here be considered as kncwn
with arbitrary accuracy since it is obtained in a4 precedure indepencdent of this

set of difference equations. v is calculated from a difference Zguation {754,

which has an error

n
- Yo (8 ) (Arh

If the above expression for Qqu is modified to include this effect 1t beccmes

dr- _
n
jﬂ;>r1= pﬁ@';Pﬁﬁ _ Qg;ﬂ? 33p + Q§> 3 “v. +,6p W
ar’/ 4 Ar? <5 a?r3,53 Ir'dv (-2 b(r*) .

Here p2+é and p?mg are interpreted as caiculated from v?

and v Bich are
+h --_é’ _
calculated from Equation (73}, It has been assuned that the intervals 1 4 15
and 1,i-1 have the same A r3,
The procedure in the sclution is tco calculate R2+1 from data at tines n

. . ) D .
and n-1, If this data is assumud to be correct, H?*' will be in error, owing

to the finite size of the intervals, by the fcllowing amcunt:

(L 4)? (a W _ (arh? {(a% . ,'2. Loap 207 74)
12 \ak) 2L (SF’T T LEZ@ Y (

This error will be smell if At and Axr “are Brall -TTiT the compressions

Pl
7 [ R

APPROVED FOR PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE
LoONT34 3D,

> (L2 ] [ ]
= e @ @ e e o o
- see L ' & o

[RNIRN |
qee

in the material are nearly “Cof%tant .sc* 2°° ¢

b.4-2 Size of Intervals anaﬁstabfliqf o}‘tﬁé solution,

The intervals in r and t must be chosen snall enough to make the errcr
term {74) ne;ligible, In r this means that there nust be encugh points te give
a goed detfinition of p. The number of points neeced in a given section of
material may change auring the course of a probiem, tor the pressure distribut-
ion may change radically in that time. How the intervals shculd be distributed
in r will deperd on the expected pressure distribution., If the pressure is
approximately a linear tunction of the mass of materiaul, as 1s the case in the
early stages of a blast wave in air, the intervals are best chcsen equally
spaced in rl, Then,too, the expected errors wiii be the least in the central
difrerence formuias, in other protiess p is a slowly varying function of
r and a rapidly varying runction of r3, There it is beter tc use intervals
equally spuced in r itself. Then centrul difference accuracy could be maintained
if v were calculated by the following formula instead of (7&),
-, (Re_-g __)2 R - R,

o ri“% Ar

However, the use of this forwula weuld greatly complicate the procedure,

n
v,
1-3

After the intervals in r are chesen, /ANt cannct be chosen independently.
The discussion of characteristies in S:ction ©.1~2 predicts £\ t should be

lies within the douain bounded by the characterisiics

chcsen so Lhat R2+]

. 2
threugh R?+1 and R . This means that A t should be less than (%) SPA'S
i

1=l o \/—:—SE;

If &t is larger than this quantity, R?+l cannct correctly be obtained from

inferwation witiin the interval 1 4 1 and 1 - 1; at time n,that is, the

4l
i.

This same conditiun on & t can be derived directly trom the differernce

gituation outside ot this interval intluerces the value of R

Ejaation (71), The question is pul in the Jollowimg-ssarngr: If an errord is
LI = z -

made in R?, what error does it produc&:gn,ﬁﬁgz@ ﬁht e snd RIYD 2

-l L J
a sve . it ® % .
- .z 7
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Let Ri be its correct value’uAa® h';; Ej i85 Wr ong value. ~Then the specific

volumes i--é and v el cal(-:u?laf'iéd; wii’l’ aﬂ’i'er trom the correct specific

volumnes,. B
Covolmp+d)? - 3] 36 vo(R)?

iy © <3 TV LG o8
' 36 vo(R1?

e T Vi g 4087,

The corresponding calculated pressures are also in error,

R n‘2
A SV ALIN YL
piwé pl._é + (av )i—é - AI‘B i

' n r ny2
n S ¢ 3 3év (Ri)
Piyi = Pivy = <}T\E¢) 14} ng

If these quantities are substituted into (71}),an incorrect value of the radius

at time n 4+ 1 will be calculated,

PR
ol o (at)” L(R';) +2dnﬂ f
|

n+l - 2rP 246 - — o o n n
By i ¥ 1 NS Lpi - Pi)
2 /> p\® n
36vo(RY)” \'S‘g)i-i + (_‘gg?“.é
Ar3 2
The ccrrect formula for this radius is
2 2
R*L 2 ot - gl . Ive(Drt) Jfﬁg e n
1 i T H NS i3 = PLy)
Hence the error is
__2 r
. 3v (R“) %’ v)
n+l n+l _ cPt‘ i*‘é 9Y/i+v3
R -R"™ =26
i 1 é§r3
e ()
+ BVO(At)zR;‘ (Bl:i,..ﬁ.té_)
Ar?
RO gpn gLt D IR
The last term is just _i _“n_ggit_;L 3 wh¢ch ?§F_§ny reasonable choice
- Rn 22 ewe see wev

i ca ooe e =sas® : . "

2
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of At should be very small- compared; tad°l,\:

it can be neglected., The

or in R;H'l produced %y an error

*L

cte D

(X}

second term will be called®~l . t-Thus;iné-e

1

é in R:.: is 26 (1-L). sindlarly, the error in R’;‘*’l produced by an error §

r}-—l is -
i

8L, by an error § in R"

in R ARy is +8 L, and by an error & in R?-o—l
is + J L. The propagation ot these errors is shown in the following chart
in which an error 1 was made in point i at cycle n. In constructing this
chart it has been assuumed that L does not vary significantly froﬂi one point
to the next., This is true if the pressure does not change much in one
interval. The error made in the radius of point i at time n spreads to
other points. If L>1, the error will spread one point per cycle., If L& 1,
it will initially spread one point per cycle but quickly will become attenu-

ated and move with the speed of sound.

T 12 -t 1 1+l a2
n—1 0 0 0 0 0]
n . 0] 0 1 0 0
n+1l 0 +L 2(1-L) +L 0 ..

2 L2 —4 L2441 oL%-814+3  ~4L344L L2

g - L e S T T <SR e b A . L At i G A S A i, e RO

The error in a given point oscillates in time. It L>1, the amplitude
of the oscillation will grow beyond bound. If L< 1, the amplitude of the
oscillation will remain bounded. The sum of the errors in the radii of the
points at any cycle is independent of L and is equal to the magnituda of the
error times the number of cycies since the error was made,

In any calculation, one tries to have it free trom mistakes. But there are
errors which are inherent in any mumerical computation, These are rounding
errors, éwing tc the finite number of digits carried in each number.

If L > 1 rounding evrorg w#ill  introduce large and uncontroliable

oscillations in the points, If L<1, t;he 0scilla _,imsii‘_rom the rounding

L
RS .« o3
errors will remain suall and ones fromdifferent posnts Will interfere

C
.
L]

é

‘['".

with each other, Tnerefore, in ordsr o BiVe's }'t'al'»l'ia -sAlution, the time
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This restriction means that if A r is made small to secure spatial detail in

- Q.Ji *
r< Ar/ \3V/
or
At < r? Ar (76)
20R2 \/ ~ 3P ‘:

the solution, A\t must be made correspondingly small,

O.4—4 _Arrangenment of the Computation Steps.

The difterence equalion(?7i) is the basis for the numerical work. It ex-
presses the radius of a point at a time n + 1 in terms of its radius at times
n and n-1 and the pressure distribution at time n. Equations(72) and (73)
ex,ress the pressure at time n in terms of radii at tiﬁe n. This suggests as
a procedure of calculation to calculate from the radii at time n the pressure
distribution at time n and then insert it into(71) for the calculation of the
radii at time n 4 1. This set of operations can be repeated to give the radii
at time n + 2 and so on, giving rise to a cyclic procedure.

In Eation (72),the pressure p 1is given as a function of two variables,
v and 5, This function is usually so complicated that it is impractical to
compute the pressure from v and S each time it is needed. If a table of p as
a function of v and 3 18 constructed, it would contain one entry for each pair
of values of v and S. In most problems the range of v and S is so great and
consequent.ly, the number of table entries needed is so large, that this is
also an impractical procedure. However, it has been found that many egquations
of state can be adeguately approximated by a form which requires only a single

entry table and a simple calculation. This form is

=P Y, brsX
p 1l Py + F2; . (76)

where b and a are known functions of 3 A pﬁacticﬁt fuble would have of the

order of 1000 entries with one I.B.MZ"ca¥d for Qachivalme of § + Both Fy
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and F, and their first differencés *Can; ¥e* {)hr'éﬁe—’f-on the same card. A
thousand entry table would contain é}t;iaﬁ’de eVery possible value of a
3 digit ¥ . In the problems we solved, we used a 5 digit 5 . Values of
Fl and F2and their first differences to the first 3 digits of E were read

out of a tabie,and the values of Fl and F2 corresponding to the 5 digit §
were obtained by linear interpolation,

One I.B.M. card is used to représent each material point. The conllection
of cards representing all the material points at a definite time n is called
the deck belonging to cycle n. The computation of the radius at time n and
the pfessure distribution at time n is done on the deck of cards of cycle n.

The most efficient arrangement of the elementary operations within a
cycle depends on the I.B.M. machines available. The procedure at Los Alamos
was developed on the busis of triple product multipliers and the tabulator-
summary punch combination (see Chapter 1), The triple product multipliers
compute tlie expressions A x Bx C or A x (Bt ) in one run of the cards through
the machine, These machines reduced significantly the number of operstions and
the number of card columns needed in a cycle compared to an arrangement using
ordinary multipliers. The tabulator-summary punch combination was used to list
the data for cycle n, to difference a few quantities, and to transfer to a hew
deck of cards the data necessary for the computations in cycle n 4 1.

Each I.B.K. card, which represents a definite material point, has punched
on it the numbers necessary to perform the calculations for this point. Some
of the quantities depend only on the coordinate r, or the index i, and hence

for a given point, do not change in time, They are, in addition to the identi-

fication of the card, the quantities vggzstgz ’ Vo , and bi~%' They
2 a r3), !
r{or i_&(ZB )i~§

are called rates,

ol ..0 "
. o"r o L] '

At the start of cycle n, thg=fovlowingfqﬁénti€1es are punched in card i,

29 @63 8% Gs® 0N

in addition to its 1dent1ficatioao§rdfrxfe%*‘“R.- EEP"l n—2’ and d ?“1 =

‘X e . PN

-
“" .

APPROVED FOR PUBLI C RELEASE



n~-1
pi—é

APPROVED FCOR PUBLI C RELEASE
L9 E Ll

n..l L see o0 o9 & [ R J
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colwmn, From this group of quantities, Rg”gaﬁ'Bé'calculated.

1)

3)
b)
5)

b)
7)
8)
9)
10)
11)

12)

The computation is arranged in the following series of operations:

vo(zxt)z el 2
Triple multiplication: 3 (R.

i
I‘i Ar
Multiplication and addition:
2 2
n_ .l _n-2 vo(At) n-1 n-1
Ry = (2R - R+ R, dp;

rf Ar

Triple multiplication: (Rf;)3
Transfer of R3 of point i-1 to card i by the reproducer.

Addition and multiplication:

3

v Vo 2
(g) il (ar3 (RX;)}' ('Hi | )
i~} ai~§ r )i~% -1
Sort cards into ascending order on tirst 3 digits of ¥ ,
a

Merging in collator work cards with table cards bearing Fl and Fz.

Multiplication: Interpolate Fl.
Multiplication: Interpclate F2.
Sort out table cards.

MYultiplication and addition: p® , = F. 4+ b, ,F
i-3 17 i-3 2

Tabulator and Summary punch: List data from cycle n, transfer identification

and rates to new deck in summary punch, compute 232 - R?'l

and dp? and punch
on new.deck,

A detsiled discussion of each operation is given in 6.4-7.

6.,4~-% Boundary Conditions.,

from

The set-up just deseribed is a procedure for the calculation of R?+l

R?, R2+l’ and R;-l’ R?“l; i.e., it the radii of all points are given

at times n and n-1, the radii S{ tHesd, pointls are caleulated at later times

by successive application of the difreren¢g squapion (1), But the initial

conditicns, the radii at time adnaal gl a diffesrenca equati-n de not by

ASE
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themseives correspond to a unique, physigyl, gityation, and hence do not have

a unique solution, They must be-:s'up%.le;men};‘e..d;py ofher conditions, boundary
conditions. The boundary conditions are conditions imposed at two material
points, two values of r. They will be ditterent for different physical
problems, Here they will be described for a detrinite problem, a spherical
blast wave in air,

One of the ccnditions is imposed at the center of the blast, The material
point which was originally at the center remains there: i.e., the point with
coordinate r & G has the same radius, R = O for all times. This condition
is easily worked into the machine proceaure. The radius of the point, r = 0,
directly affects the calculation of other points on.y in the computation of
v for the point yith next larger r, Since in the caiculation the cubes ol the
radil are subtracted irom the cube o1 the radius ol the 1irst point with non-
zero r, 1t is only necessary to have no I,B.¥. card representing the point
r = 0, Then the zero will automatically get tranaferred (in operation 4), as
the radius cubed of the peint r = 0, to the next card,

The other boundary condition is that there is an outgoing spherical
shock wave, At thls shock wave the pressure, density, and materiel veloeity
change discontinuously. The derivative of the pressure, grg s does not
exist zcross the shock; hence,the partial dirferenti»l equation carnot be
used to continue the soliuticn across the shock frort., Boundary conditions
must be applied tg connect the soluticn on one side with the solution on the
other side. These boundary conditions, which are derived from conservation
laws, are the Hugoniot relations discussed in &,2-1.

The state of the system cutsice the sheck wave is that the air is at
rest at normal pressure, density and entropy. When the shock wave hits a
particular spherical shell of air, it changes discontinuousiy its pressure

from one atmosphere to a pressdhé pf,f@nd:it§=density fror rormal density,
. L L] . o
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% s to a density % . Here the subé&ﬁﬁﬁti?‘f&‘ﬁHéd:tp identify a quantity
o 8 ° . - H
evaluated at the shock on the hi gh'px’éSshre'ﬂ(;é.' *<n these discontiruous

changes some energy is transformed into heat, giving rise to a change in
entropy of the alr, The shock moves with respect to the material; hence its
positicn,r ,is a function of the time,Since a point has not moved from its
original position at the time the shock hit it, its actual radius R, 1s the
same as its label coordinate rg, R, = rg, and rg is a function of cnly one
independent variable, the time, t.

The Hugonlot relations are:

velocity of the shock

d = (17
EE rs VO w
—_— ps”po
W= vV =~V (78)
o 8

paterisl velocity

Ug = (%%): \/(ps"’po) (Vomvg) (79)

the change in internal energy produced by the shock

EB - EO - é(Ps'po) (Vo"vs) (80)
The internal energy, E, and the pressure, p, are known functicns of v and 5.
If these functions are substituted into (83 there results an equation relating
the entropy in the shock to the specific volume in the shoek v . This equaticn
can be solved (numerically, if necessary) for the entropy in terms of Vg and
this result substituted intc the equaticn of state p = p(v,S). The resultant

functicn in vy alene is called }b/.

P(VS:SS) = V(Vs) {21

If'U/(vs) is used in(78) mhcd 3(73), BO thag Been eliminated from the necessary

relationg, which now become 3*,"“7;,
b Bia

1
-7 a3

L
2 Ii i v E
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L]

q

L ]
LR ]

sgded
L ]
asase
[ 4

ar GO0 ten s e pee e
drg o am i b i (@23
dt VOWQ cce o see sse wo
e ——
R (53)
- V =V
o 8

us = \/(y[ 'po) (Y) “vs ) (84)
If the general soluticn of the partial differential equation were known,
these Bjuations (82), (B¥, and (84) could be used to eliminate the arbitrary
constants in it and to locate the positicn of the shock. The soluticn described
here is a numerical solution and it is difficult to use these relaticns alone,

if any sort of accuracy is needed. Tc supplement thewm then it has been con-

dy a?
veriient to derive fron them expressicns for Hfg and Efgg .(See 6,1-2),
These expressions are:
dv_ - bu v w —
s = s's’ . 3/2 [QV ) . , > P r 6 )
d—t —_‘_‘rs | 2V0W (ar . ZVO\/W E—F \85 o
(3 + w) o
d
= - 86)
w Ilv (e6}
2
d r v dv
8 -
B el B U (87}
dt 8 !

These fornulas, the Hugonict relations and their time derivatives, form
a practical basis for fitting the boundary conditions at the shock front., The
formula for g;a, (88), contains first sgéce derivatives of p, v. In that
respect, it is of the same order as the partial differential equation, Hers,
however, it is not possible to use central difference formulas to approximate
to the derivatives. The quantities v and p are discontinuous at the shock and

hence two values a firite distance apart and equidistant from ths shock front

cannot approximate to the derivgkives ¢These Hifftrence formulas, less accurate

than those in the body of the cehaudwtiengee see oo
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a v = vs'vi-;% ,. b .E-o @ﬂkﬁc oo .00 ( \
ar rs-ri__é T, Eréﬂrr BT &a
S.8. "% I : :

are used, (i is here the mass pbint nearest the shock.)

The quantities to be obtained from the application of the shock conditions
are the position of the shock and of the mass point, i, nearest to the shock,
To calculate the position of point i, the difterence equation (71) is used except
that (88) is used to approximate %%5. Here as in the computation of %%, a
spall error is made because of the failure to use a central difference formula,

The procedure used in computing the ﬁosition of the shock is so complicated
that it is impractical to use I.B.M, machines for it, but it can be done satis-
factorily with an ordinary calculating machine, The steps in the calculation
can be arranged on a computation sheet so that the time required to work out a
cycle on it is of the sane order of magnitude as the time for the machine cycle.
If one person does the hand calculations and one person operates the machines,
the time of a cycle need nci be significantly increased.

With (B7) expressing the acceleration of the shock, the position of the

shock could be cazleculated trom the second ditference formula

da%r_\ n
pt) = ppn el 4 A (__~§
s s 8 'QL dt2

However, in this form an error in r_ at one cycle afrects the velocity as well
as position in later cycles, and hence it may give rise to long pericd oscil-
lations, The sitiation here is more sericus than in the solution of Bguation
{71), for the shock pressure and velocity are more sensitive tc the pressure
difference than the corresponding quantities for a material point. Ccnsequently
the oscillations produced by an error may be of lcnger period and larger ampli-
tude, A more stable formula is

ml _ on N (dré\n dr -1 A2 a2r \ N
T ’s*""[zrr)*“ari) 5w

.ey 7 298 & .
e » L ] L ] L » > O
- - L - -
If this equation is used,an 8rrér in ry does ot produce a significant

29 s96 200 ale sev w»

»
s wese . e
s e @ s . .2
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error in the velocity of the JBhock aed henga it is more quickly "corrected

by the pressure differences. '.: .3. 5 .E. E.. 5.:

dvg
In the calculation of ——2~ and HE”’ Vgs and at' are needed. If v, and

d
the results of the machine calculatlon at that cycle are known, s can be

dt
‘ dvg: ne]
computed from Rjustion (85). To get Vn it is not accurate enough to use(dts) ’

dvg\ = dvg\n-3 —
but 3%2) 2 is needed. To calculgte 3?%) directly v: 5 would be needed,

The best procedure is to use the formula

dv 91’1—% ) <dvs>n dv, n-1
&, “igw/ +} (ar)

dv n
and an iteration method, vg is guessed and (dt 3) is computed. Then a new

dv
vg is calculated and this value used to compute a new 3TT> This process

is continued (it is rapidly convergent) until the same vg is obtained from the
formulas as was put intc them.

A computation sheet can be set up which provides space for the computing
of the various elements of the formulas and the combination of these elements
intc the desired quantities. Each item on the computation sheet should be in
a form such that its computation requires only performing a single operation
on a calculating machine or looking up the item in a table, with a possible
linea§ interpolation., By a single operation on a culeulating machine is meant
a computation in which no intermediate writing down of a numher is needed, e.g.,
a{b + c)/d.

The pressure table is often made up with the specific volume normalized
so that the normal specific volume is 1, instead of v, - The fcllowing sample
computation sheet was made up on the basis of this normalization, It is also
assumed that the points are chosen equally spaceddin Tr.

1. cycle: n

2. point nearest the chock: i,

wee . ooo ooo e
.

3. rD=rl g ot Vo (“"'"I ...2)..* ‘_L;%_tl \/—- Cimd
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(This W differs from the one*deﬁinéd ig Gbs) by a lactor \} o) @ differs

from Sffg by the factor V wvo |

at, =

be lﬁsrn = rg - rn'l. This‘item ié for checking purposes only, Jumps in the
value of ékrn indicates an error in rn

5, 6= rn rn'% r; is the value of r for the point which at cycle n is
nearest the shock.,

v n . n
6. (;') - y fI"Om IoBoM. listingo
i+ i~}

7. p?_é frem I.B.M, listing.

8 vn , -) /// ) + Items 1 - 8 are independent of the iteration
i-3 i-3
procedure used in computing Ve
9. v® (guess).
8
10, " ™ from table,

11, «® from table. _ .@JE_ = w"
AN

12, A" 210
L]

. 2 - n
13. (W) (@' < p) /a0
i, W= (Wn)z. (This W' differs from the one derined in (83) by a factor

v?)

. = o105 2 223 W
15 G"LVO ()2 & 2o J
l6. H% - = o) (v:/vo)

n
rs

R L R RS FET NI
18.(%%[:&.5&1]/@1

9. V2 = v“‘l+ é_ I: )n 3]
a,/ -. . ..
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If item 19 is not the same as.item 9, .8 new y; should be gusssed and steps
9 - 19 rep.ated. '-i ;E; E 65. E.D Et:

- n
2. B Ev(pt-sl ) /e
21, R?’l = ZR'; - R?“J + (A t)2 p? (Implosion)

Card 1 is kept out of machine operations 1 and 2. Its R, computed in
item 21, is hand punched into the appropriate coluuns and the cerd is released

to the deck before operation 3,

22, WP =M /v
_ dv,\ B 2 N
2. ¢ = - (;’{““) [w‘" - | v /m

Since the shock moves with respect to the material, it passes a new point
every few cycles and then a new card must be added to the machine calculations.
The time t#, at which the shock wave hita the new point is détermined by inter-
polation., In this interpolation wr! and consequently 72+1 are needed; hence
these quantities at time n + 1 must be calculated, The shock specific volure
at time t¥, v#, is calculated by linear interpolation. J/# and u* are ohtained
from v#, The assumption is made that in the time from cycle n to t¥*, the
acceleration of & mass point at the shock frenmt has not changed .significantly,
so B® is used. The R at cycle n + 1 of the new point is gotten by expanding
it in a power series in time about t#*, Since in a precise calculation of
v?*l,v?:i is needed, and to calculate v?+? the position of the rew point is

isd
needed,cran iteration method must be used. The first v2+l used is the guessed

n+-1 (item 9). When the new R is calculated, Vt;:; is calculated by hand and

is used in getting a new vn+1. The process 1s r-peated until it has ccnverged.

2o L+1 from previously prepared table of the positionsor the points,.
If ™1 is less than rﬁ*l' items 25-49 need nct be computed. If r2*3
s
is greater than rg+], the shock has hlt poin A * 1 between cycles n and n + 1

L]
. -
= L -
o -‘ . hil
= -
- -

and items 25-49 must be computeds

25, 1+:. r“)/w“

-
* eare sow

The £ {*s* agﬁ%cximétion to the time (multiplied by a
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26,

31,
32
33.

3h.

35,

36.

37.

?3

W
O
.
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Vies "T1° T e

t, = (1‘?'l i+l) /Wn*l - t*“ié“’éé ‘E,her approximation to the time
the shock hit point i¢l,

bt = £,(2 At \/;; -t;~t, ), Aot), t#* is an average of t, and At"trz’
with t weighted by _L}.'E_:_'. and At-t, by ;’_{ « The Yractors v, and \/;;
are to remcve the ftacter \/v.0 in t‘l + t2'| .
VA A 11

(D t-t*)2/2

(t4)%/2

VT v (AtetE) + vf;“' t*:l /A

2//* from table,

2 Yr(-vs) / <l—- )

Ux = \/(U*) , the veloclty of point i+l just after it was hit by the

shock.

n+l - _n ; *12
Rty = Th, + U (Ot-tx) 4 3 (A t-t¥)< g°
D -Us 2+ 3 (At-t9? B

141 = i 1

( -1-> from tuble
i+l

(1> = 375 O + 750 (.l.) - 125 (.l.)
its 2/i¢l ajy YA T |

quadratic interpolation,

( 4< ) » This is punched on card 1 + 1.

a Ar /l+’ 1+é

1% = v 6 >
i+l

F.# = Fl( ¥Y<) frou table,

1
42. F2* = Fz( ¥®) frou table,
h3. i1 = (y/* - pl*) /pg
Ly, bi-l-% = W35 4 470D -:-:?1;;*‘;? %{i l:’, ;_?h:l:: is punched on card 1 + 1.
l’S. {\Rﬁ;‘) oo use :o. Ea- E E .-:
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Tl VAE e,

l;b. (R;'.H'l)s :-: sec see oo g:o Enf

47. Yol = gﬁ¥1 3 ~-: ﬁH‘I
i+% (a.A ), i LC WY {

This is the same as item 6 of cycle n +~i.

al _ 1
48, R;‘:é—Fl(r;:%) +bi%F (Y%

same as item 7 of cycle n + 1.

49. 2“*1
i+% / 1 _;

same as item 8 of cycle n + 1.

6.,4-6 Card Layout.

If the number of intervals in r is chosen just large enough to give a
good definition of the pressure curve, seven digits must be used in R. The
nunber of digits in R determines the number of digits in other quantities:
@efls, then v must rava5digits, The columns of the card must be apportioned
among the various quantities so that there is space for all of them and so
that the columns alloted to those mumbers punched by a nmltiplier are the
same as the spacings given by available skip bars.,

All the numbers to be punched on a card during a single cycle were found
to occupy more than 80 columns, It was therefore necessary to use two cards
to represent each point. This was accomplished without producing an increase
in the time required for or the nmuiber of operations in a cycle. Each cycle
uses two decks of cards., Deck 1 is used in operations l-4. Since 4 is a
reproducer operation, the necessary data can be transferred from deck 1 to
deck 2 without any essential complication, Deck 2 is used from operation
4 on,

The distribution of card columns is given in the following table;

sertae
s @
o
L
[ IR RN}
.

]
[ERENN]

0
.
.
.o
.
.
»
.
oo
.
.
'Y
e
]
.
.
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11-16

1723

24

- €0-65

f.72

7378

7580
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DECK 1

-

LT U %Y
" Rt il

Quantitz

Problem Number

- Card Number

Iime (cycle number )

v

[}
83-1/2( 4¥;37;:1/2

n
Ry

~ X-punch fer sign of dp

- n=2
zag 1 - R}

blank
(RD)®

X-punch to contrcl shift
in decimal of R3 ,
n=1

Ry

X-punch to centpol shift
iri decimal of R

ldP?"l;
blank

Y-punch to control shirt . ’
in decizal of 173 |

blank

vol 4 1)2(RD1)2
re Ar

b1/

Vo( At)?
rg Ar

At




ot g BT
"X" in 11 and 80 Zﬁ;ail ;ardé §= % §

Co 8 Quantity
1-2 Problem number
3-5 Card number
6~10 Time (cycle number)
1115 . A

ai-3(Ard) g
17-23 F

1
24=30 blank
31-35 Vi
36 lank
3742 . last 6 digits of (R‘_’)3

i

43 blank
Lh=49 last o digits of (R? 1)3
50 | blank
1-57
51-5 p?_é
58-65 blank
66~72 by 3
73-79 ‘ F,

For an explanation of the X-punches, sece the subsection 6.4-7,

6,4~7 The Machine~Operations.

The elementary operations which make up & cycle are listed in 6.4~4,
Here they are described in detail and plugboard wiring diagrams are given,

Operation 1 - Triple product multiplier, R;"l is squared on the first

, vo( 4 )2
multiplication cycle and (R;"‘l)2 is multiplied by -f%rz;;:_ on the second
multiplication cycle. R?'l is read from columns 4248 into the miltipiier

\2
and aultiplicand counters, and v°(‘§J;L. is read from columns 73-78 into the

r enw 8% ®O

summary counter. The product of ehe mul§i§1£§ati?n:43 punched into columns
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i 205 SR
:== =9. *se C!.’:..'!.
17-23. Ses Figure 8. e s e o e e s
- -
e.- . eee ool}wius
Oreration 2 - ¥ultiplier, Computation of Re .
~n=1 n~?. N
SRy T - Ri is read froerm colvmns 2571 into the sumrary counter,
TOA 1) 4-1)2 .
s (R s read [ror columns 60-65 into the multiplier ccunter,
r{ AT -
and [dP l is read from cclumns 50-56 into the multiplicand counter, The

prodist is transferred frem she products counter into the summary counter
nositively if there I3 no X-punch in column 24 and nepatively if there i3 an

- . ) -1 n=2
Z-punch in column 24, The result PR - ZRn - R o+ - -
o) e result Py ( . i 5 (A t) R:’ 1)3“;,:11 l)

is punched ir columns 17-23, See Fgure 9.

~ . . 4 rl
Operation 3 - Triple product multiplier, Computation of (R“)s. Rj is read
from solurns 17-22 into the multiplier, multivlicand, and summary counters,

Onothe Tirst moltiplication cycle, R? is squar ed; on the second multirlica=-

tice cyele, the cube i3 completed, The product, (R?) is punched in columns
33-40,

In many problems, R varies %»y a factor 10 in a single deck, Then 8% in
that desx virles by a factor 1000, 8ince this setup allows for the punching
of only 8 diglits of 33’ the number of sipnificant digits of ;s panched couldy
for some cards,be as lcw as 5, This would result in a real loss of accuracy,
Howev=r, hy the use of twc centrcl Y-punches, one in column 49 (see cneration
4 for *he role of X in 41,) and »ne in column 58, it is possidble to have a
suffirinnt number of digita of R® punched in all cards,

The X punch in 49 controls thedigits of RZ that are transferred from the
oroducts counter to the miltiplier counter, 9 digits of 72 are wired into a

electer that is activated by the “X'in 45,  The ripht hand 8 digits are wired
inte 8"NX"mubs of the selector; the left haad 3 dlgits are wired into the

corresponding 8 X "rubs of the selector. "§plit wir$;.£;€ ased for the 7 digits

that are wired to both'X" and"NX’ mbs 0; fhe selector The 8 C hubs of these

- - -
*® o L .- A 1
- - - = T -
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¢ counter, Thus the X in 49

CHaa

[ X N 3

ct

sicte 0 0 &0

siifrs the decimal point in Q‘,.ﬁﬁ gt o~ the rmltlplie" counter, one
position to the righty congeduently, it shifts the dezimal point in Ha. as
it ig panched in the card, one cclumn Lo the right
The X~punch in column 37 controla the digits of &% that are punched,
10 digits of 8% are wired frcn the rraducts counter into the selestor that e
artivaten Dy tie X" in 83, The right hand 8 of these are wirex into 3 "NY" hubs
F

. - - . - - - . > "1 "- A (s +
f the zeiectory the 1eft hardd 3 are vired 4000 the X nwbs of these g selector

b1

Josilions, Again 3plit wires are usei for the € i{vits that are wire’ in%o

hotin "X'and"NX" m.os, The 8 C :ahg of ithese selechor coesitions are aired Lo the

!

"

.
aanch,  Thus the X o dn 58 shifte

w0
ad
oy
o
[
B
[¥)
[N
3
»
i

3
A
Nt
w3
o
[
>

a3 It is punched in
the ~ari, Lwe gonsiticons 72 the right, XY-ronches in both 49 and 58 ghifr K3

tnrer columni %0 Lhe right, The giugbeard wiring diagram is ziven in Firure

Jreration 4 - Hepeoducer, In tids Lperalicr data necessary for the remaining
operations are transferred from Aot 1 to deck 2, Tmadditlion k¥ of camd i-1
ie transferred to card L, Tuis Lransier makes; sossitbie the calculation of

v in ceeration 5 frmﬁ data on o« zingle card, 3ince v is commuted Lo only
Aipils, the di{ference of Ri and R?‘I need not nave more digits, For con-
venierce, :owever, the difference i9 allosed Lo ruu o 6 diglis: that 14, irv
is piven the range C1O000 to 999999, Since the difTerence of 2% rever ass
more wrhan € dirits, oriy 6 digits cf 7% need he used in performing the oper-

aticnn, Therefore, uvniv cne last 8 dipits of Ré are transfterred from deck 1

The following quantities are transferred directly from deck 1 intc the
gane columns in deck 2, The problem nunber, col, 1-2, card number, col, 3-5;

zvele nuaber, col, 6-103 the rate ._lzl_.., col, 10-18

A 3 and the rate b,
= Q‘.Ar eee ove oo
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col, 68=72, An X frem the O and X enitters is wired through the coluan 3plit
and punched in colamns 11 and 32 ¢n ull cards <f deck 2,
- . , n,x . .

{ne last 6 digits of (Ry)* are trans{evred from columns 33-40 of deck 1

into cclumns 27-+2 of deck 2; the last 6 dit*tq of this quantity are trans-

ferred from columns 37-42 of card i- ! of Jdeck 1 into zolumns 44-49 of card

i of deck 2, In order for this operation tobe performed, card i-1 must
prgcedé car i througn tne reproducer, On the other hand, in the tabulator=-

surmary punch operation, eperation 135, card 1+l must precede card i through

the *anulatrv Thus ia cuerations 4 and 13 the zards must have a different

ordering, Ir order 12 avoid a sbrting operation, the cards are in-both op-
eraticng arranged in the order, card i+l precedes rca~d i, Hut in operation 4
tne cards are run th}ough the reproducer with the deck inverted so that the
cards are [ace up, 12 edge first, This means thnat the hu%s wired on the
plugbo;rﬁ must de Bl mirus the card column: e,g,, card column 12 becomes -
slusboard S1 - 12 = 69,

The e xistence of severQI decimal groups in.RS. labeled by X-punches iq
columns 49 and 58, creates a preblem in the transfer of Ri_l:for the diff;

egrancing: of R®'s in cperation 5 is carried out in such a way that the 6 col-

" umns of H? and the f columns of RS should nave the same decimal point posi-

-1
tion, fTnerefore, when caxd i helongs to one decimal group and card 1-1 to

ancther, a different Lyne of transfer must be made than when both cards i and

1-1 belonjy to tne same decimal g g?) This is acconplished by transferring

on that control situxtior ﬁFe next. t¢ the last 8 digits of R® of card i-1

to card i, The X-phnch, in 49 can be used toactivate the selectors, three
of which are needed. Singr tne fppdevar sometimes fails to pick up a 31nglei
X-punen, an X9 punched in crlumn 41, on all cards having an"X"in 49, It

is unlikely that the reoroducer would fail to pirk up both X-punches on the-
same card, - | .

As shown in the piugboard diagram, Figure ll, selector 1 and 3 are
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activated directly by an X—punchwin Al;aQQ:héj:sélector 2 1s also activated by

LLE R

[

the same X-punch,bu® through thé?cyg}f.dqféyéﬁpgfi Thus if neither card i-l or
i have an X-puncu, all three selectors will be unselected; if both cards i and
i-1 have X-punches, &ll three selectors will be selected, The selectors are

vired scthat inboth of these control situations columns 35-40 of card i-~1 of deck
1 are transferred into columns i4~49 of card 1 of deck 2, If card i has X-punches
but card i-l none, selectors 1 and 3 will be selected and selector 2 unselected;
if card i has no punches but card i-1 does, selectors 1 and 3 will be unselected
and selector 2 selected. They are wired so that in these two control situations
columns 34~39 of card i-l of deck 1 are transferred into colwmns 44-49 of card
i of deck 2, For details, sse Figurell, Only the wiring of the selectors is
shown in this figure. The wiring tor the rest of the transfers is straight-
forward and is not shown, All subsequent operiticns use deck 2,
Operation 5 - Triple product multiplier, Computation of (R?)Bjs read from columns
37-42 into the left hand components counter; (RP )3 is read from columns 4/-49

i-1
into the right hand components counter,and the rate —_e is read into

sy (AT,
the suvmary counter. On the first multiplication cycle, the contents of the
right hand components counter are transferred negatively into the left hand
components counter, thus differencing Ri and Ri.l. On the second multiplication
cycle, the diforence of the R¥'s is multiplied by the rate. The product

y n h-d Vo Rn 3 - (R0 3 _
(a)i-é ai_é(zg'i3ji~% [} 1) ( i—l);} is punched in columns 31-35.

Since on the first multiplication cycle, the right to left hand components
counter transfer must be negative and on the second multiplication cycle, positive
(in order for the multiplication to be done correctly), a special control must

be prcyided. This control is accomplished through the use of the 2 position
selector of the X-skip d.vice. This selector, when activated, is selected only

during the first multiplication cyclg. An- X" toniivI impulse is gotten from

= = s ¢ we v -
- - - -
-

L4 - L
29 eww wee &3 L ew .
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the "X" in 80 punches on every. béﬁﬁ ¥ Rigure 12,

0 -

te

L]
L J

The fact that R3 in dlfie}'er'c‘d‘eclwl *xriaps has its deoimal point in

different positions is taken care of by making a corresponding shift in the

rate

Vo

ai_%( Ar3)i_§'
Cperation 6 ~ Sorter. Deck 2 is sorted into ascending order on the first
three digits of v, colwans 31-33. This sorting makes deck 2 ready for merging
by the collator with the cards ot the table of F1 and F2.
Cperation 7 - Collator. The work cards, deck 2, are merged with the table
cards, which have been previously sorted into ascending order on their argu-
ment, a three digit v. The merging is such that the table card precedes the
wurk cerd; hence the tablie cards are put in the primary feed hopper and the
work cards are put in the secondary feed hopper. Those table cards that do not
have s v that matches the v of any work card are selected out and put in stacker
1. The tabtle cards are checked for sequence., Since they are supposed to
te in ascending order, the low second primary hub is connected to the error
stop hub, See Figure 13.

After the merged table cards have been used, ihey must be reinserted
in their proper place in the tgble so that they can be used in the next cycle.
This can be accomplished with the same plugboard as was used to merge the work
and table cards if the instructions to select the primary and secondary cards
are wired through a selector. Tue secondary X-sclector is used and is acti-
vated by the "X" in 80 on the work cards. The table cards should not have an
X-punch in column 8. See Fgure 13.
Operation 8 - Multiplier., Interpolauion of Fl. F, 1s read frouw the table
cards, interpolated and the result punched on the work cards. This can be
done in one run of the cards through the multiplier if the tuble entries of

F) have no more than 5 digits and bh; firnt d.ffereﬂdbs of F; have no more

than 3 digits. This limitation ex;sﬁs'because %. and its first difference

u- .C. . Ool
- . - .

VA F, are stored in the & positior, rmlbliller iahnt\r as a group miltiplier
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tc¢ be used by the work cards, Durl

} "dnd cycle, a unit impulse is

E ¢I

tﬁon jf the. multlplicgnd counter and the

N ltm

e

&

entered in the extreme right hdnd po
last two digits of v, /A v are read from columns 34 and 35 of the work card
into the two extreme left hand positions of the multiplicand counter,

The calculation to be performed is Fl-'rAFlAv. F, is read into the

1
right hand 5 positions of the multiplier counter and £>Fl into the remaining
3 positions. In the following multiplication the first three digits of the
product A Flzﬁ.v are computed correctly. The fourth digit of that product
has added to it the first digit of the product Fl'éﬁv; henc<e it ie not correct.
However, only three digits cﬂ'[}Fiz}y are needed; the error in the fourth
digit only affects the rounding, On this account the last digit of the inter-
polated value of Fy will sometimes be wrong. The product [kfa]ﬁxv must still
bte added to Fl in order to complete the interpolation. To do this Fl is wired
frow the multiplication table (it has been multiplied by 1) into the sumrary
counter and L}.Flzﬁ;v is transferred frox the products counter to the summary
counter, This transfer is shown as negative in Figure 14 since in most
equations of state A Fl is negative., The fourth multiply-crossfoot switch is
set on crossfoot in order to delay punching until the products to summary
counter transfer has taken place. The upper hub of the second crossfoot switch
;s wired to the upper hub of the on setting of the second crossfoot to summary
counter switch in order to permit the summary counter to receive the impulses
frori the mltiplication tuble. See Figure 14.

During the course of a problem, p may vary by several faetors of 10.
Seven card columns in deck 2 have been alloted to p, Fl and F2 in order to
allow for this variation. Of these seven digits of p that are punched, only

5 can be significent since the table entries fram which p is computed have

only 5 digits. However, this does not produce any error, since when p is

large, small tine intervels mst be wsed Géee 6 513) «nd only the first 5

digits of it contribute to the valu ~of=R.c MW °p’ ig;SMdll, larger time

§¢
i ant 5 d* its of p are then the right hand

intervals are used, but the
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-

5 of the seven that are puaghgg.,"jb; quqnol on this variaticn in P is

similar to the comtrol on-Rv ﬁn opegg}ﬁg ;} The pressure table i3 Jivided
into several decimal groups, identified by X-punches in columns 73 and 76,
These X-punches designate into which 5 card columns the interpolated Fy is
punched, They are read fror the table card and the selectors they activate
must remain selected until the last work card matched w’th that table card
has been punched, The wiring of such an X-control is shown in Figure 15,
where the X-punches In columns €0 and 11 of the work cards are used to keep
the selectors activated, Figure 16 sghows thevdréng of the selectors to
accompligh this control on the disits of Fl punched, We have not found it
necegsary to use the full capacity of this system, so only 7 digits are shown
wired to the punch, Although in an actual protlem the features in Figure 14,
Hgure 15, figure 1t are incorpcrated in one plugboard, they hive heen
separated here to make the wiring mcre eaz’ly understood,
Operaticn G - Multiplier, The interpolation of ¥y is the same as for ¥y
except that different card columns are used, In sore problems bFy 1s small
conpared to Fl' Then it is usually not necessary to inte-polate F,p, ind

= F; s bFp can be computed without the intermediate punching of Fp, Fa
.8 read as a group multiplier from the table card, From the work cari, b is
read into the multiplicand counter and Fy is crogsfcoted intc the left hand
components counter,
Cperaticn 10 - Sorter, The table cards are sorted out from the werk cards,
Column 1 can be used, Then all the table cards w}]l fall in the reject
pocket and all the work cards will fall in the pocket corresconding to the
problem nunber,
Cperation 11 - Multiplier, Computation of p?_l/g b is read inte the multi-
plier counter, F, into the multiplicand counter, and F1 into the left hand
components counter, The result, F;?-b?a, 13’*ﬁhdhwj in colunmns $0-36, Since

this is a standard type I,B.N, uu];i;liew owhrﬁtion, no diagran is given

. w @
e sme _® :. ‘...
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Operaticn 12 - Sorter. In the listifi¥" 214

Eiferéneing operations done by '
the tabulator-summary punch, nuLbets £7o8 bttt Asek 1 and deck 2 are needed,
Also 2

card cycles are needed to perform some of the computations. So deck 1

is merged with deck 2, the deck 1 card ahead of the corresponding deck 2 card,
This is done by placing deck 1 in the feed hopper of the sorter and deck 2
on top of it. The cards are sorted into descending order on the card number,

colurns 3-5,

Operation 13 - Tabulator-swaary punch. Information from decks 1 and 2 is

listed. R: - R?“l and dp? are computed and listed. 232 - R*1 and dp® are

i i
computed &nd punched on deck 1 of cycle n 4+ 1 in the summary punch, Identi-
fication, rates, and Rg are punched on the new deck.

The tabulator does not have enough type bars to print all the numbers
punched cn the cards and computed in this operation. The following choice
of items gives the necessary informution about the sclution and includes

useful checks on the calculation,

Alphamerical Type Bars

Type Bars Jtem Printed

1-2 Problew Number
3-5 Card Number
6-10 Tire (cycle number)
11 blank
12-13 tinve interval, & t
14-20 L
21 blank
22 Vo Art)2

r? Ar '
29 blank

2
30-35 SattoTEETEh v?( AY) (R;wl)z
:;= ==:i E;s -E. 5" i"‘ rf Ar
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R e
36 7.. a0 :.‘ .?. plank-
37-43 .': .E. 3 .E. %2‘ E.:
Numerical Type Bars
Type Bar Ttem Printed
- n _ pn=l
1 : Ri Ri
N
6 sign of R? - Rg’l (Cr symboel
1f negative, blank otherwise)
Vo
T-12 —
, a;_a( ﬁng)i_g
13 X in 49 (asterisk)
14 X in 58 (Cr cymbel)
15~22 RS
23 blark
-e n
24-28 Vi-l/z
29 blank
30-36 n
Fia
37 blank
38-44 dp’-
45 Sign of dpy (asterisk if

negative, blank otherwise)

It was not always possible to have a blank space between each item
printed, The items for which this omission occurs were chosen so that the
least confusion resulteds e,g.,. the problem number ard time are the same for
all cards and hence do nct interfere very much with reading the card mumber,
Sometimes alphabetical characters are used for the problem identification,
and in the early stages of the problem the tire does not contain 5 digits,
Only rarely does bi-l/? have 7 digits,

Since decks 1 and 2 are merged, there are two card cycles for each point

1, The'X"in 80 in deck 2 1s uged o Wistinfliigh, it from deck 1, All three

- - . o

s [ ]
- -
" 3¢ wwe woe was ses O

ree®
190
he

HER ]
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L
L 4

list-tabulate switches are set to t4d {at;"anﬂ’i‘uigqx eycle is taken

every two card cyclesy hence, informatf:ﬁ trncﬁ*; ngOint i 1is printed on

one line - first from the liat cycle following the previous total cycle and
then, without the platen moving, frow the total cycle, In the follewing
discussion, the card cycles are referred te in the following manner: at cycle
one, the card frcm deck 1 is at the upper brushes} at cycle twe, the card
frem deck 1 is at the lewer brushes, The tetal cycle for that point is taken
after the card fror deck 2 passes the lewer brushes; this gives time for the
computing of ZR R? -1

The trickiest feature ef the wiring is that for the computing of 2R? -
n-1

-1
g - On cycle 1, R? ~ 1s read by the upper brushes and entered negatively

inte a counter, On cycle 2, R? is read by the lower brushes and entered
positively inte the same counter and alse into another counter, Thus at the
end ef cycle 2 one counter contains R? - H?-l and the other centains R?,

Orn the next cycle (cycle 1 again) the first ceunter, on a card cycle total

n-1l
transfer, transfers R - Ri

°H1 - P? 1, Then a total cycle is taken, clearing the counters, This ep-

positively inte the secend counter forming

eration has, of course, taken three card cycles and the first counter should
have been recelving the Impulses from the next card at the time it was trans-
ferring Rz - R;‘l inte the second ccunter, This difficulty is aveided by
using twe ceunters which alternately compute Rz - R?’l,

Fer this computation twe basic cycles of selector cperation are needed,
ene of period 2 and the other of peried 4, The ene of peried 2 is obtained
simply by wiring an fwpulge from lewer brush 80 to the X-pickup ef a selecter,
fhen deck 2 passes the lower brushes, an“x“impulse cemes through and activates

the selecter; when deck 1 passes the lewer brushes, no'x"impulse comes threugh,

Therefere, the selector is selected en cycle 2 and is uneelected at cycle 1,

The period of 4 1s obtalned by conﬁerﬁing Tuxeﬂ 3rush 80 to an X" pesition ef

a selector, upper brush 80 te HX 9_,.hat=selact0r pesition, and the C of that

APPROVED FOR PUBLI C RELEASE
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. v . -
= . L4 .
LR L4

& £ &« 0

position te thelxupickup of che'seie td?‘ “THe*s€lecter then gees threugh the

a) hee CCR G094 %R s

LR ()

tae
[ZER NI

P T

f.11Wing Cycle, °. i :'t : (:o : E
Cycle 1 unselected - (30 LB is connected to X and cannet activate

selecter for cyele 2)

Cycle 2 unselected - (80 UB 13 connected te NX and nence activates
selecter for next cycle,

Cycle 1 selected - (80 LB is connected to“X”and now can activate
selector fer next cycle,)

Cycle 2 selected -° (80 UB is connected te NXand canrot now
activate selecter for next cycle)

and repeat,

In Figure 17 selectors A and B operite on a period 2 cycle and sel-
ectvers 3, H, anc £ eperate on a period 4 cycle,

Upper brushés 42-48 are wired to XX of a peried 2 selector (selector A)
and lewer brushes 17-23 to thedxvof the same selector positions, The 7C
hubs ef these positions are connected to C of a period 4 selecter, Thus the
C eof the peried 4 selecter receives on cycle 1, R?'I, and or cycle 2, R?,
This perioed 4 selecter (selector G) is used to enter R?'l and R? alternately
inte counters 8A and 8B, The X-~hubs ef selector O are wirel Lo the A ceuncr
entry and the NX te the 8B counter entry,

Couniters 8A and 8B are used to cowpuﬁe R: - Rn-l

i
to compute ZRi R: -1 and counter 8C 13 used to transfer R? te the new deck

. Ceunter 8D i3 used

in the summsary ounch,

Add-zubtract impulses for the ceunter are timed in the following way:
plug te C gives an imrpulse on both times O and 2; a plug to C impulse wired
to a C hub of selecter A gives rise tc a time 1 inpulse out of WX and a time
2 1;pulse out of Xy a tire 2 impulse wired te a C hub ef selecter G gives
rise to time 2 impulses alternately ceaing eut uf‘xhand‘hxz The counters

are impulsed as fellows

2 se® .

YRETXS
eseeee
.
seveee
XXX}

29 ewo wvev &
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Figure 17
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Counter h-Ad-A b A Time 2
[ ] [ X ] e e
R
BA tos see oo + on every other time
2B - + on cycle iz not
inpulzed
8C not imoulsed +
4] + +

Counters 8C and 8D are always clear on the tctal eycle, Counters ¢A
sra 3 lake turna clearing on the total oycle,

The ccunter total exits of counters 8A and 8B are wired int- the X and
Nxﬁrsspectiva‘y, of selector H, The C of gelector i i wired to the C of
selector B, The tX .f selector B is wires to #D counter entry, Tnus FA and

88, alternstely, on time i, transfer R? - 3 intce counter 8D, wnich on the

n-l
preceding t.ne £ had R? entered In it, I8 the totals from 84 and 8B werse
nct wired througn gelector B tul were conpexted directly o €D counter entry,
a back circuit would result when counters 4ABCD . which ;re used in computing
dP, wo threugh a conversicn cycle, 3ee Figure 17 for the wirlng,

The tabulator Iz Instructed tc take o mirer tocal cycle after cycle 1
5y %iring lower brash 80 to digit selector 2, The 11 or X'hubt of dipit sel-
cerer 2 ds wired to Lie corparing relays.  On ¢yele 1, the X in deck 2 cards
gsends an imzulse through this circuit, 3Since the comparing relays zo not
receive s matching impulse, an anequal impulse is pererated, This 1z wired
to tne minor total hub,

The computation of 4P} o - P ig similer to the computaticnd

1-1/2 i+1/2
il - : ; 2 ~
Ry - Rg . Two 8 position counters are used alternately, Since, Ga, &%, €0
and 8D are already in use, two 8 positicn counters are mady by connecting
4h te 4B and 40 to 4D, P 1s read into these zwanters from upyer brushes 51

Lk 4 2 S T -
v time 2, TGhe

in

L
i

counters are fnpulsed alternately plus an! nnus at time 2,

They receive nc add or subtract impulbse mt tiMd*Y Thence no selectors are
2 - 4 . - - ®

e e wé € @
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needed to control the counter gritry impulse

% -8glector €, which operates on a

...*n

[

period of 4,is used to contro‘b:th:e- Toen -ff;ein the counter total exit to the
type bars, If no selector is used here, a back circuit will result and wrong
numbers will be printed, See Figure 17 for the plugobard wiring, The items that
are listed and transferred are not shown in the wiring diagram, They are standard
tabulator Operaticns, and their presence in the diagram would require so many
lines that the diagram would beccme almost unreadable,

X-punches are transferred from the decks of c¢cycle n to deck 1 of cycle n ¢ 1
by using them to direct a counter te go through a conversion cycle, Then the
summary punch can be wired to punch an "X*, The counter is made to go through
a conversion cycle by wiring the add-subtract impulse through a selectcr
activated by that *X*, The selector is wired so that when it i3 controlled the
counter subtract hub is impulsed, Then if the extreme left hand position of the
counter has no digit entered in it and the €I and C hubs are wired to counter
balance control, the counter will go through a conversion cycle,

The summary punch plugboard wiring diagram is alsc not shown, The totals
of counters 4AB and 4CD must be wired to a selector and the common of the
selector wired to the punch, If this is not done and a circuit connecting the

punch to both counters at once is formed, wrong numbers will be punched,

6,5 THEORY OF VIN NEUMANN'S METHOD OF TREATING SHOCKS (Peierls)

6,5-1 Introduction,

It is well known that in hydrodynamic problems involving compressible media
there may exist shock waves, i,e,, places at which the velocity, pressure and
density are practically discontinuous, and at which the equations of Buler do

not hold, The reason for this is that the Buler equations assume the changes

in the material to be reversible, whereas at a shock wave gradients

become so large that the dissipative’ e fects ' (*;'isczos:ity. heat con-
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duction) become important, Ia&béu, ;H"h@‘l:m&t usually considered, in which
[ ]

the dissipative terms ars small rr*thp aﬂitw'avprOpr;ate to the problem, the
shock i{s a sharp digcontinuity and the gradients are infinite,

Therefore, it would in general not make sense to agssume Euler's equations
to hold even across the shoex, Von Neumann has pointed out, however, that
the sltuation is different if one uses, instead of the differential equations,
tne approxiinate differvnce equations which are the basis of a mechaniczal
methad of treating the oquations, In conditions where'a ghock would forn,
we know Lhere exists no solution of the differential equations, Any solution
of the difference equations will approximate to a solution of the differ=ntial
egiations only 1f the changes of all functiong over one interval are small,
herce the differeace equations cannct be expected to have any solution of
this kind at a shoék‘ There are, however, solutions of oscillatory behavior
containing fluctuations with periods of the order of the interval size, These,
aczording te von Neumann, can be regarded as a model of the increase of entropy
in the shock, and indeed the fluctnations thus obtained represent therheat
mction a2f the snocked material,

It 13 evident that this model of the heat motion i3 very c¢rude, and that
3t does not represent correctly the thermal behavior of any reascnable sube
stance., However, there are many cases of interest in which the influence
of temperature on the equation of state s neglipible, and in those cases
ong may expeot that the <rror introduced by the model may not ve serious,

The purpose of this section 13 to study the difference between the model
and an astua?l substance in more quantitative detail,and to derive criteria
that may gerve to estimate the error in individual cases,

6.5-2 Baslc Fguations,

In one case of a one-dimensional problem the differential equations

b..).’. = .1 opP : ,"p.Q'V).. ‘l.,_,g(,, (89)
btz Ao X 35 ;, e
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whére y is the position at timi;f tf,i‘off:’tl’xg‘ FéEint® which would be at x it the

- L]
"0 @

s @

material had normal density. ;‘isgpr;ssﬁf‘t,z‘ﬁh”i‘élx is assumed to be a unique
function of the specific volume V (reversibility). More precisely V stands
for the ratio of the volume to the normal volume. The nornal ders ity is Py

The difference equation 1s obtained from this by choosing time intervals
/Nt and space intervals A\x, so that after neglecting higher than second
powers of the interval sizes, (89) becomes:

y;wl - 27" 4 yri]—l— 1 w

(RS o _on
(A2 p(B0? (Pig™ Piy)

1 (60)
Vs Al -
i oOx (yLé y;—%)
J
Where n, i, label the time and space intervals:
t, = nAt + const,
x, = 1 A x + const, (91)

We apply these ejuations to the state of affairs we expect behind a shock,
where there will be irregular fluctuations superimposed on a "macroscopic" or
mean motion., If our interval sizes are chosen correctly, the mean quantities
vary little over one interval and over a few intervals we may regard all macro-
gcoplc yuantities as uniform.
| As to the "atomic" motion, or fluctuations, we shull assume that the
amplitude is small. The limitations introduced by this assumption will be
discussed later., We can then write

n_ -n n
yi= ¥+ 7 (92)

where the bar denotes the "mean' positicn and ?2 is small, Then

n 7 dp) 1 (o, 0% = n”

and (90)becomres:

. (93)
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Solutions of this equation can be written in the form

'7;‘ =Ae J(n@P+1iY) j=y\-1 (95)

where A, gﬁ » W are constants. Inserting this in (94) we have

- 2 d

(1- cos p) = - ﬂ(jgx)z (d@v (1~ cos 1/) (96)
It is well known that the factor

12 _ __u;_yf? (—___‘EE> ’ (o7)

Polnx) av /¢

rust be less Lhan unity in order that the step-by step solution of (9G) be
possiblc. Indeed, it is evident from (96) that if 12j> 1, Qﬁ.is imaginary
near;0’= J7 , and hence there are disturbances which will grow exponentially
with time, making the systen unstable,

Otherviise, there will be N frequencies, where N is the number of space
intervals in the region under ccnsideration. The values of'yfbelonging to
these will be spread unifornly over the interval -77 to 777 .

If the linear Bquation (94)were rigorous, all these oscillations would be
independent. Since, however, the correct equation (90)does contain terms of
higher degree, there will be a certain amount of coupling between oscillations
which, given enough time, must produce some kind of statistical equilibrium,

For strong amplitudes, where the terms of different degrees in the ampli-
tude are comparable, it is clear frcm dimensional arguments that the "mean free
path" of the oscillations, (1.e., the distance a wave travels before equilibrium
has essentially been established ) that the oscillation is of the order of one
interval size, with a numerical factor wpicb, hy aﬂalogy with the prcblem of

wuves in crystal lattices, one woLud expact €9 QQ lgrger than unity. As the

s00 oW

mean amplitude is reduced and the écu¥Ting £s° @agkaf, the mean free path increases

»
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further, and one would thus expegt Aty . fo% some appreciable distance behind

the shock the oscillation calided” by tra-sﬁocﬁ mdy not be in equilibrium, This
effect extends over a greater distunce for wesker shocks,

6.6-3 Thermodynanic Relations for Small 1.

We have seen above that we may expect statistical equilibrium to be es-
tablished except very closely behind the shcck. To this equilibrium ordinary
thermodynarics is nct inmediately applicable, since Bjuation (94) is a difference
equation in time as well as in space, and hence energy conservation does not
hold in the usual form.

If however, 1<< 1, the time interval is negligible in comparsion with the
space interval, and the e uations are then essentially differential equations
in time. They are closely analogous to those for a one-dimensional Born-von
Karman lattice. Since the equations are linear and there is a restoring force
for each degree of freedom, it 1s clear that in equilibrium the thermal energy

will be kT per depree of freedon,or

Ep =Jo le kT (38}
(o]

per unit mass, where 2%; is the number of degrees of freedom per unit length,
k Boltzmann's constant, and T tie temperature.

The unit of tewperisture is here arbitrary, since we cannct measure the
temperature of this fictitious system by bringing it into thermal ccntact with
any other physical system, hence only the product kT has a definite meaning,
For convenience we choose our units of temperature in such u way that

k =/;% AX (99
or the mass per interval, hence
B,y =T 6100)
A3 in any other oscillating systeu, this energy is on the average half

kinetic and half potential. Hencé fcr {he Pinatlg anergy per unit mass

- gem =ww :7

§§§§§
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or v;i ::: .:. :.. een .: )
W™= T U T T (101)
where . 1 3 '
u = M (102)

at
is the velocity associsted with the fluctuations, and the bar denotes the
statistical average.,
Equation (100) may be regarded as a definition of T and allows one to
estimate T in any individusl case, The potential energy per unit mass is

= 1 (*
E (V) v fv pdv (13)

For small deviations, to second order inclusive,
— L d - d -
EV) = BV + L p@(Fw-1 X (——‘3).. (7-v)2 104
Lo 2P \ VY (104)
On the statistical average, the first term gives the potential energy of the
mean density without terperature, the second term vanishes, and the last re-

presents the potential part of the thermal energy, hence:

e (. .32)__ (T2 = Lt (108)
%/go dv )y 2
or .
= 12 ap -1
(V-7 = oot | v (108)

Since g% is known and T can be found from (101},this relation can be treated.
However, the ejuality of kinetic and potential energy, in the time average,
helds for any harmonie motion whether in equilibrium or not. Hence this test
merely verifies that the amplitudes of oscillation are weuk enough to make the
rotion essentially harmonic,

Wg can now find the pressure caused by the heat motion., By expansion to

seccnd order

- d - a4 " ool
SEURE R R EL N/ e (107)

sem 9

On the average, the first term is Eheaﬁ}éésu?e &% "to the mean density without
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0 A R
teuperature, the seccnd ternm viiished;"t}é 1&%€°is the thernal pressure, Hence
dzp - L 00 » .‘.-...' e
= % -v)2 =i (F-v? 4 (g 3
Pih 5 [gp}v ( ) 5 (V-v) IV |3V (108]
d
(The negative sign comes from the fact that a% is necessarily negative,)
Using (106)
- d dp l
= - r 2 o 34
Pth el <l°3 v ) (109)

The same relation can be derived in a different way. 1In general

p:-ﬁ:-/oo%%

ov {110)
where F is the free energy per unit mass, and v the volume per unit mass.
f is a sum over the different degrees of freedom, and for euch degree of
freedom,
F = - KT log W, + const. 1111)

where W, is its frequency (in radians per second) and the constant may depend

on the temperature but not on V. Hence, using (99)

2
b P, Thx 5’ 5 log W
th M i T av (112}

the sum to extend over all degrees of freedom belonging to the region considered,

\
which has a total mass M. The frequencies are to be found from (96)with

W=—2. @

Ot 1113)
If 1 is small, the right-hand side of {96)is always smull, hence @ is a

small angle and the left-hand side can be replaced by % ¢ 2. Hence each of

/ld
the freguencies is proportionsl to "cﬁ};—

W, = f "df" < (114)

-

where f; depends on the wave numb.ex.‘ %-_(/ g bugenpt tn V. Hence zll terms of the

and

sum in (112) are ejual, and the nmﬁbe:‘zsoi’-toﬁms:i-s:e:qual tu the number of intervals

in a nass M, i. e,, to -

P | 51
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. (118)

Al

ess

Inserting this in (112) we obt;i;x ':Eé&:in Zi'os

This derivation is of interest since it shows the dependence of the
result on the relatlon (1M),which is not correct unless 1 is small.

We may reasonably surmise that, for our present purpose, 1 can be re-~
garded as small as long as (114) is substuantially correct. To test this, the
solutions of (96)have been plotted in Figure 18 against 1 for different angles
96 . It is seen that all lines are straight in good approximation up to 1

= % and in view of (97)this meuns that in this range all frequencies are

proportional to \/‘%%!. For 1 = % only the uppermost curves begin to bend,
and without further investigation it is not possible to estimate to what

extent this would «ffect our conclusions.

b, 5-4 _Hugoniot Relations.

Consider now a shock running into material at rest. (This causes no
essential loss of generality.) Let Vl be the specific volure, pl the pressure
ahead of the shock, and assume there is no thermal motion ahead of the shock,
Then the first Hugoniot relation is

u = u<1.vyvl) (116)

where u is the meun veloclity and V the mean specific volume behind the shock,
U the shock velocity. This relation only expresses conservation of material
and must be satisfied automatically in our model.

The other two relaticons:

} 2 -7V (117)
P-P '-/‘BU ";;?‘
1

and

o, (B~ £) =1 (-T)(p +py)

(118)
eose® @°H '..' Y
will now also contain the thermal png%sﬂfegandggn§r. °
v—) ,/oeo;ﬁvzo e eon See w0
V ‘p+p = e end ¥} “-:‘;:‘::n.:
P Lo NS (119)

RIS
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Figure 18
Frequency as function of 1 far varying

ratio of wavelangth {0 spacing
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= . 1 sz ;i__g‘ "% Cee n g.“..:. -
/’Do [‘L(V) G Eth] - '2'.:31).(:‘1) o &:."’;“t,t’J (Vl -V) (120;
It is convenient to write g for the ratic **° °°
Eth
° Pgh (121)
Then, by (100)and (109):
2
= |4y |
g v log r\a (122)
and with this abbreviation, we can solve (120)for Py
1 -
= 3 () (N-T) - 5 [EW) -5 ]
Pth ~ 1 0 (123)
g ~ 5 (Vl-V)
and
LV _ e @ - m] + ¥ - BED - 5]
2 , = ) 124
vl g ~ % (Vl-V) ( )

The thermodynamic properties of the model are unimpcrtant as long as (}Z%) is
stall compared to the pressure p(V). st the same time (123)allows one to
estimate the amplitude of the fluctuations to be expected behind a shock of

given strength,

For this purpose one nay either compare the average pessure with the
pressure belonging to the average volume V or use the mean square velocity

fluctuation, which,using (121)and (10¢) (101), is

2 !
Uin = 8 Py (126)
For strong shocks it is evident from (123)that there is a limiting compression

ratic which cannot be exceeded even for an infinite pressure,and this is given

by the condition
g = (v - V)
51 (128)
As g depends on the volume in the final state, it is most convenient to express

the limiting compression by giving_t@g'h}gh§§p_yplp@e Vy for which a given 7

- - . :. - @
can be reached in a single shock:,* = s . R

El

V. =V + 2g'g2?’ et (127)
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Figpure 19 shows g as a fume Ian b:'tgegfﬁenific volume V for air,
fch ; gi%%ﬁ*? cun be reached.

Figure 20 shows the thermal pressure for air, starting at normal
volume, For comparison,the "cold" pressure, P(V), and the correct
thermal pressure, as calculated by Keller, are also shown.

It is evident frowm this figure that, whenever ihe thermal pressure
amounts to an appreciable contribution to the cold pressure, it is
considerably in excess of the true value,

Table 6,5-4 lists the thermal pressures for air for various values

of V1 and V.

From these values, the mean amplitude of the fluctuations was

obtained by the formula

AV = p, g 27 1128)
which follows immediately from (1068, (100)and (121}, Since for a
harmonic oscillation the root mean square amplitude is -ffgz times the
maximum amplitude, we can define a minimum volume that wouid be reached
for harmonic oscillation of the same 2?5:2 This is
v =V - /fz NG
min Vo<l (129)

See Table 8, 5-1,
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6,5-5 _Other Effects. A A

a

-

= L - L (X J -
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)

The analysis given in the.ﬁ;ésiohs é%béiéni is in some ways still very
idealized, and we want to discuss a few effects that have been neglected,

(1) The fact has already been referred to that the discussion applies
only to small 1, and probably in practice to 1< 1/2. This probably
covers all applications of practical interest.

(2) Moreover, we have assumed that the 6scillations are always in
statistical equilibrium, In fact, all oscillations arise at the shock
front, and it will take them a finite time to get into equilibrium,

This means that there will be a region behind the shock front in which
there 1s no equilibrium., The extent of this region is inversely pro-
portional to the temperature,since the establishment of equilibrium
depends on the ctoupling between different degrees of freedom by the

terms of higher order in the amplitude of the oscillations. This effect
may cause errors if the extent of the non~equilibrium region is compar-
able to the distance over which the dynamical variables change apprec-
iably.

(3} In the discussion given above, we have assumed harmonic oscillations,
which is correct only for small amplitudes, When the "thermal" pressure
exceeds the "cold" pressure this is no longer Justified. As a result the
thermodynamic properties of the system may differ from our description at
high temperatures, and in particular'the limiting compression may be
appreciebly aftected. On the other hand the limit of applicability of the
method will remsin unchanged since this refers to the condition that the
thermal pressure is negligible, which means that it must have small
amplitude,
(4) Conduction of energy. In the physieg}.ggpiafationsof most lnterest

» ®e® 3

heat conduction is usually neé}igiplégané.é§'a§§5rate model therefore

ought to give adiabatic change§}ig-tno_Sﬁit§j§£*gatter everywhere except

='ff—_v) |
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at the shock front. In our modél YHe¥ éRists 3" finite heat conauctivaty
carried by the sound waves and Iimfceﬂ ua;nlg by %he second-order terms

which iimit the free run of such waves., The "mean free path" of the waves

is dimensionally of the order of the interval size, rultiplied by a function
of temperature which is large for low temperaturea, Hence, cne may expect
scme error due to this effect for weak shocks. However, as the heat content
is then small, this will not lead to appreciable errors. In any case, for
any shock strength this effect can be made negligible by a generous choice

of the number of intervala used.

(5) Changing interval size. It is often convenlent in calculaticns not

to make all intervals equal but to use groups of smaller intervals in regions
where more structure is required. Consider the boundary between twe such
groups. Physically, the two parts of the material ought to be in equilibrium
for equal temperature, i,e., for equal energy per unit mass., However, in the
model this does not correspond to equality of temperatures as defined by (100)
since the latter is measured on a conventional scale. In the model, the two
groups of points are in equilibrium if the energy per degree of freedom is the
same, which means different energies per unit mass. What we have doge corre—
sponds, in effect, to using different values of Avogadro's number in differ-
ent parts of the material.

Suppose, fcr example, that a shock is moving through a range where the
irterval size is /\ x, and that a short distance behind the shock it is re-
duced to /\x/2, Then, as soon as the disturbances have had time to travel
back to the region with the smaller intervals, an equilibrium will be approach-
ed in which the energy per interval is the same, so that the temperature at

the small intervals will be twice as high as in the larger ones.

6,56 Application to Spherical Problems.

An important class of problems ronﬁkrnh ﬁntior with spherical symmetry.

Then we have, in place of (89), _ ... . eee s ¢ o
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where R 18 the actual distance from thq center, and the independent variable
r is the original distance between the point considered and the center. If
we are to obtain the linear equations for small disturbances, we must bear
in mird that the mass contribution to the free energy cores from oscillations

with wave lengths of the order of the interval size, and that, for any reason—

able choice of interval, this is small compared to the distance from the center.

Hence if we write again
R=R«+ 7 ‘ (131)

where R represents the undisturbed motion, the variation of 17 is much more
rapid than that of R. Hence we find:

ve 2 2 2

AL E A3 | 0
Here 5; should be regarded as locally constant, If the calculation is carried
out with constant intervals in radius, this leads to an equation of the type of
(94}, It is still true that upon a change in volume each frequency is pro-
portional to \/rgéf‘and hence the formulae of 8ection 6.5-3 still apply.

However, in sddition,the frequencies vary with R, the position of the

radial element, and thus we find a dependence of free energy on position. This

means a radial force G per unit mass,

¢=.- 2F (133) -
3R
Using (111)
G = o OHx e w dloeg !;j: (134) .
i dR

and, in view of (132)

dlog Wy -2
a R ’ M R [ XX ) L ] [ R 2 J e'. :
G L™ & e oeoe :.. . : e (135)
R -1 seroonLItE
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Using (121) and (100}:

(138)

If g is near l/2,which is the case for a considerable range of values

of V for air,

Aol = = Pyy/R (137)
If the true pressure varies, for example, as the inverse radius, the true
pressure gradient is —~ 4% » and thus the relative error in the acceleration

is of the order of Pth/p’ i.e., the same as the relative error in the pressure

itself,
6,51 Comparison with I,B.M. Calculstions.

In the I.B.M. solution of the problem of a spherical blast wave, the
von Neumann method of treating the shock was not used; conditicns at the
shock front were treated séparately by the Hugoniot relations,which gave
data to be used as boundary conditions in the I.B.M. solution. However,
another problem, that of a plane blast wave in air, was treated by the von
Neumann method. One would expect that this problem would give quite clean-
cut results, since there is no change in interval sige and there are none of
the effects of the radial problem,

Figure 22 shows, for three mass points, the specific volume as a function
of time, Since the periocd of this oscillation is considerably larger than
one time interval, the curves show the motion quite clearly; for the dynamical
' quantities at fixed time, the period is of the order of one mass interval,

and the curves are not clear. It is clear that the motion is falrly harmonic;
-the firat‘mihimun thus should represent the mean volume of the shocked

material minus the maximum amplitude of the shock,and the curves of Figure
21 should be applicable, We get:
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Figure 21
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SOWTION OF THE TIKE DE:PEN'I DTS EnoATE

S, Goldberg and J, Kemeny

7,1 MATHEMATICAL FORMULATION OF THE PROBLEM

If one considers a system of particles moving in a material which both

absorbs and scatters, the distribution of these particles in space and time

is given by the Boltzmannn Bquation:

dn(v,u,t)
>t

where

+1
+Vegn{y,ut)=-aVvn (Y'H’t)"’gv“+Mf’”(¥,u:t)dp' (1)
-1

n(r,fl »t)znumber of particles (per unit volume) at point r, at time t,

moving in the direction given by the dire-tion cosinefi.made with the radius

vector,

v zvelocity of the particles,

(O =the collision probability per unit path of length,

1+f = the mean number of particles emerging per collision,

As an example of a problem to which this equation is applicable, con-

sider the followirg:

system, Depending upon the geometry and material construction of this systenm,

A known distribution of neutrons is introduced into the

the neutron distribution will grow or decay in time, (Provided that the dis-

tribution is not stationary,) The Boltzmann Fquation (1) describes the growth

of such a neutron population,

T

population grows as €

The asymptotic solution for (1) shows that the

We want to find

We must first reduce equation (1) to a form more suitahle for numerical

solution, To do this consider the grai‘ent in (1) taken along a given dir-

eclion deacribed by the coordinate q, The equation then reads

an (Y, M,T)

3t

¥e now make substitutions
qt+vt

&

+ven Yé;“t)—-crvw( M, t)+‘_ﬂ’_+ﬂj’h({u au' (1)

e ; E"' s

1

i 4



APPROVED FOR PUBLI C RELEASE
VII= 2 s 23 3 & 3.8

so that o I 2 d s,
N o ah anl o oan g 1Tl e,
£~ 7|52 37| ‘a'f A ﬂ-g@* 7‘%

Equation (1) now becomeu

iﬁ%"-‘ﬁ-}+ on(y,ut)= S’J.éiﬂf n(v,Mt)du’ (2)

if we now multiply both sides of this equation by € é. we may rewrite it in

+|
= L(v,u t)e"%] = g(+f) e"g_[n(wit)d// - (2)

Integrating along the direction & from initial point £, to a final

the form

point $ . We get

n(2)e®d -n(g,)e” b= [o0rf) o if v ' t) dpd &

and rewriting gives ‘5.0

n)=n(g)e®® ) ff—(lg—‘l ”“”f (r M t)dp'dd’ (%)

Now if we let & refer to me t, tﬁo to time t-—At. then
_2 - 94Vt _ g-vatsv(t-at) o ya
§-8, = 5 vat

vA t is of course the distance the particle travels in a given direction in
time A t, provided that it suffers no collisimis. Under the transformation
& - f:',, =8 vAt,
equation (3) becomes (4')
n{vut)=n(y-8y pu-§M,t- at) ; At fg-('—iﬁutdsfdpe h(f— s8Y u t-sat

Mmuation (4) i3 now in the form which can easily be transformed for num~
erical computation, We want to treat this as a two-dimensional problem;
therefore, we shall assume spherical sy.metry,

We must first fix intervals in space (O r), in angle (A/U ), and in
time (A t). The details of thia procedure will be tiutlined in section 7.5.98Y
and 5/1 are then functions of r,/u s and t_‘hese interval values, We can easily
find these expressions with the aid of the following diagram, Our problem is
spherically symmetric so that we need consider o;ur equation along one radius

Only‘ ..
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An application of the law of cosines and the law of sines to the trie
angle indicated yields the equations
(v - § r)z =r ¢ (vA t)2 -2rvAt M,

Vi-ur = NLo(U-SH)2 |
'f-":% r

One may easily verify algebraically that ® r and 5/4 are given by the following
formulae .

or r-R, S/ua/u-%(/ur-vAt) (5)

i

where

R

"

Vi 3 (va 02 - 2v A t M

It must be remewbered that I,B,M, machines can perform arithmetizal
cperations only, and therefore we must make further simplifying assumptions
to be able to carry out the operations indicated in (4), We first assume
that the term n(r -5 r, M= U , t ~At) 1s a linear combination of
r;(r,/u » t= At), n(r, u "_’_A}(:.. teAt), nir :Ar,/u s t-At)ad n(rgAr,
M + A/u . t=At), Here, as in the following paragraphs, the ¢+ or - sign is
adjusted sc that we should always get an interpolation, not an extrapolation
formula, That is the 4 sign goes-with A r(A/u ) when & r (S/U ) is neg-~

ative, the - sign goes with A z’%ﬂ/}l}‘; wheest 1_5"1‘{'5’/“) is positive, Now
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n{Ya-ut-at) = L) ealn(y, }?f;,lg At [BU ) (1M, T At:)]

and ) s *
n(v-sv,y.s}u,t-m:):A'.Y ]8Y|h(YtAY,,u-‘S,u,'t-AtH(AY-!S‘(I)Y\(‘(,/J-S,U,t-At‘)-]

Using these two interpolation formulae one eagily derives the final equationg

N (Y-8Y,4-S 4, t-AL)z ‘E:Z‘J' Y‘n(VtAYl,utA,U,t~At)+‘3‘2$if‘L"S/‘n n(reay ut-At)+

(av-1s7 )1 sl ) (av-18Y){au- Isul) i .
A A Ny, MEAHL-ATY + AY A n(r M t-At) (6)

Having chosen the radii and angle values and intervals A r.A/u e A t,
the four coefficients above are fixed constants for given r and/u . Since we
assume that the density remains constant, G {3 a known constant in any oarticu-
-gvat
lar material, Since € i3 a constant for the problem, the evaluation of the
’ -ovat
term Y\(Y-SYJ,M-S/J,IZ-AI’.)G in equation (4) is reduced to finding the sum of
four products, Equation (4) now has the form:

n(rMt)= a;n(vzar, HEAY L At)+ ap (VLAY U t-At}r agn(rutau t-At)+

-OvAlLS
Qg nff,u t-at) + 2L vAtfdsfd,u n(1-s8Y u't-sat)e )
where the a; are the \_oefflc*m? ts 1n (6), each multiplied by e-OVAt .

We turn now to the simplification of the last term in (7) involving two
integrations, with respect to U and then with respect to the auxiliary vari=-
+!
able s, We dencte the integral[h Y-SS\’),U') t -SAt) d/u by

({- SSY T- SA't) In order to evaluaf.e

7 (r-ssvt-sat) € O g (8)

we assume that n(r,t) varies linearly in r and t, Then the integral (8)
becomes a linear combination of W(r,t), n(r » Ar,t), n(r,t- A t), and
n(reAr, t-At), Just as we derived the interpolation formula (8), we can

similarly demonstrate that : /-
Ti(v-58Y,1-5at) = (1-5)(1-s L) T (v,1)+ s(1-8) L2F i (v av 1)+

s(1-s LT (1,t-at)+ SQL%ﬂ—- YEHAY, t-AL)
Or‘e may easily verify the following formula, ovat -ovat

SOVALS, o [ OB 1
f‘“ rBsscle s =A AT Liovamy ¥4 v
eovat g -ovat * g PR
chf (O’VAt) 9 VAE.' . _'
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We may use this general integration formula to integrate (8) after substituting
(9) for N [Y-58Y,t-SAt) , This reduces the last term in (7) to exactly the
same form as the first part, i,e,, to the gum of four simple products, Eguatiion
(4) now has the convenient form;

N(Y M E)= @ n(YEAY, MEAM t-At )+ a0 (VAT (4 t-At) + agn (Y, M EAN t-At)+

agn (Y t-at)+a n(rt)+ agR(reart)+asn(rt-at)+agh(rtart-At) o
10)

For the exact value of the a; see Section 7,3,

There remains one further problem, Bguation (10) tells us that in
order to get n(r, U , t) we must know nat t=- A t, and n at t and t - A .t,
In the problem as stated above we have n and n at t= A t, but we do not have
nat t, ({.e,, we know the distribution up to time t= A t, but we have yet to
find it for t.) Finding it for ¢ is precisely our problem, e have to make
the further assumption that n grows exponentially in time at a given radius,

itev 4

Are) = @At
air,t-At)
It is then easy to see that n(r,t) may be expressed in terms of known quan-
tities as follows 5
rt) = n(r,t-f At)]
’ ;T(v,t-za’i")'
In the following sections a detalled description will be given of the
I1.8,M, method used in solving Byuation (10),
7,2 1,B.M, PROCEDURE, GENERAL QUTLINE

Our problem presents itself tc us in the form of glven distributions

n(r, U ,t), n(r,t- At), and n(r,t),from which we have to calculate n(r, u ,

t+At) and n(r,t+ A t) by thé.u%é of the folldwing formalae;
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nir M t+At) = @ (YEAY, a2 AU t}+a4h“(v+av 7y am (Y;HA,u t)+
a n(r,m )+ agh (1 t+at)+ a Ry LAV EFAthd;h (rt)+ agh (mw t)
{
WV (Yt +at) --f' n(v,ﬂ,t+At)d,u

where a, are the functions of r and i only, and the ¢ signs are fixed for

each r./u .

All the quantities up to time t are known, but we do not have n(t+ At),

As stated previously, we assume that

n(t+ At) = %t’_)sz

—At)

Therefore we start out by squaring n(t), and then we divide the square by
T(t- A t). (The deck containing these n's has only one card for each r;
hence, it is known as the small deck, The large deck contains the n's, having
one card for every combination of r and/ll .) After the small deck has gcne
through operations 1 and 2, we have all the needed n's and n's, and we have
to multiply them Sy the fixed a;'s., Whenever the;’e is a problem involving
a large mumber of multiplications in each of which there is a factor that does
not change from one cycle to the other, the masterdeck method can be used
to great advantage, (This method was alao used in matrix-mltiplication,
which 1;9 described in another chapter of this volume,)

From the equation for n(r,./u ,t+ At} we see that a particular n(r,/u o)
may be used for the computation of several of the n(r,/u 4+ At), n(r+dr,
M gA/u, t+ At), etc., Therefore, n(r,}( ,t) i3 multiplied by several diff=-
erent ag. The simplest.way of handling this is to use n(r./u.t) as & group=-
miltiplier for these a, Theae a4 do nct change, and the same a4 are aIwWeys
miltiplied by the-same n's, Thercfore, we make up a masterdeck In which each
card has an ag(r', U *) and which has the r of the n which will mltiply the
ay, Then we can combine the masterdeck (al-a‘) sorting on r and/u . We put

the combined deck through the multiplier,punching asn on each mastercard,

A similar grocedure is folloqed fo?, thé scraali deck with the n's, The master-

deck is thenre-sorted on r' gnd K !.(so.that the eight products whose sum
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is n(r°, /u ') follow each other), ands?,h( prcdu':'t%'&rge‘.stmmed.

between r, 4 and
r',/u ', Tc every ay corresponde an r and ag r'; to ai(i-l..,, 4) correspond

an r' and a/,( " also, Trat is, if

\n(fm,u,)t+At) a Y\(Yo A o+ AR E )+ .+ Qg Vi (YomAY t)
thenr'-ro,,u = Hh, Ar,,a;,u6+4ﬂ

Hence, durirg multiplicaticn r, U are important, while during the summing of
the products r',/i ' beccme significant,

The ﬁroducts are added up in the tabulator, and at thersame time a new
large deck is summary punched, This new deck contains the n's on which we
have to perform an integration;

+
A(rt+at)= [ n(rut)du
For any given r,é/zis constégt {we choose equal Intervals in/l }. Hence the
trapezcidal rule of integration gives us 1 verJ s*%ple fommula, Usually this

an(rut)
M

rule is not very accurate, but since we found that is a slowly
changing functlon of/l , we decided that the advantare of simplicity in this

case outweipghs the accuracy lost,
fn(r,u tiatjdu = 'A/u [h (f,-1 t+AtY+Zn(v-1+Au t+At)+. .. ...,
+2n(r1-84 t+At)+n(Y,1,t+At] | ,

In our next cperation we sum [n(Yl-‘l)t+At)+2h(Y;-HM't-rAt)t,,,H‘\(Y,l,t#At)]
(For a discussicn of the(l/Z)A/l,( term see the next section), This is perfcrmed
on the tabulator, and at t;ia same time a new small deck is summary punched,

Finally N, the total number of neutrons, 1s corrput;d

N(t+bt) =7 [rt+at)d(v?) = = 5[ R (N teAL)r ridy A= ST (1,t) (3724Y)
(3 ré A r) 1s independent of time, Hence we have a fixed deck containing r
and €3r° A r), "We merge this deck with the smalleck and perform a group-

multipliration, accumulating N in El;xe Qumma!’y baunter

-o ..- '00 .o! .O. -0
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This secticn was meant only as a bpigf quyline of the method used, There are

L] [ 3 LX)

a mmber cf problems that were not aydn Stouched udol, such as how to set the

Pue voe l‘..

problem up, how to get n(t) and n(t+ A t) into the same deck, how to keep
n(t-= A t), and how to handle the 1/2 A/tl factor, These will be discussed in
3 ection 7,3, 1In 8Section 7,4 we will give an outline of the eight operations,

Ingection 7,5 we will give the plugboard diagrams, and a description of the

plugboards,

7,5 PROCFDURE FOR STARTING A PROBLEM

Let us assume that an actual problem is given, We shall still, for the
sake of sipplicity, restrict ourselves to the spherically symmetric case, ®
shall asgsume that & and f are known at all points,

Qur first problem is to chocse the intervals Ar, 44, and At, (For
the actual problem it i3 not necessary to know ver A t, We canuse vA ¢
irxstead‘of Atv, and X /v for™X ,) We want to choose vAt as large a3 possible
in order to shorten our work, But we want it to take geveral cycles for the
neutron to pass through the material, A reasonable value for v A t is about
1/50 the radius of the material, Next we chcose Ar, It is best to have tie
same A r all through the material; but if that would require tco many intervals
and if there is some less important material near the outside, it may be better
to chcoge a larger interval on the outside, A r should be of the same order
of magnitude as &, but preferably smaller than & , Once A r is chogen we
have a pood check whether v A t i3 reascnable, v A t dhould be smaller than
A r, otherwise we get toc little detail, One possible choice of these in-
tervals 13 to let Ar =120 and vA: = 1/24A r,

Our next problem, choosing A/U, is more dAifficult, We have to make
sure that |Su[¢ Au . (|8Y] is always { A r, since A r is at most vAt g r,)
For large r, U will be smally but if we have too many intervals, for small

r,%}) can easily exceed AU ,...We;oclgoowi'tgre thallest du I‘irst. We chose

-
(2] hd : *

this to be ,25, (U = -1, -, 8, o3u, Spe #s25%0903°.25, .5, .75, 1) Then we com-

e ® oeo
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puted the 5/( 's, (Please note that,,-gnf. a}g of gﬂ does nct degend upon the

cholce of AjJ .) For small r we deoi&edé to_us‘é seome. f the same values of/(
(though not all of them, to increase A/u ). We also insisted on getting only
one A,a for each r, Tnereforeéﬂ nad to be a multiple of ,25 and a factor
of 2, This left us A/u = ,25, ,5, 1, 2, with 9,5,3,2 values of [ respectively,
When A/J =,25 turned out to be too small, we tried .5, etec, It turned out
that our two inside points had to havelyi = 2, the next one had A/( = 1, the
next one A/.t = ,5 and all the others had A/a = ,25, There are, of course,
many other ways of chcosing A/J,- but this seems as reasonable as any,

Once we have vAt, A r, and A/4 » We can compute the ai. This is a

sinple but laborious grocess,
a. o 18y Bul e-GVAt

LT TAYAu
ag = IBYI(AU- I8V e""’“
ag = (&Y- I%Ylfuﬁ } e'OVAt

y t
ag = (AY-ISH}H,-!SM) g oA
83 = 141 e Ivet sy} | _a-ovat -oTvAt

/- gyl [ 2(1-€ ) e
¢ e S W ovm o (oVALYT™ " GVAT

ag = Atf£ 137l 1+ g(1-@-oVat)

Vi AY ovAt (ovat)?
a = 1tE [ govat (@t sy [2(1-@70YAE) 4o 0VAE  ovst
777 GvAaL " AY lovat)Z ~ “ovat ~ ¢
a, = 1+f 198Y] 2(1- O’VAt) ze"’v‘“‘ _ -ovat
8 ? Ar (ovt\t) ovat S

With the aid of these formulae we can compute al’.1 the ai(r',/u'). Then
we want to krow wnat r,/u equal for each ai(r',/u '),
ayr Y=Y'LAY, M= u'tAU
8at Y=Y'IAY gl =uf
gt Y=Y, M= utau
agt Y=Y, u=u’ -:.
agy Y=Y’ °
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ctee o3 TS
Tt : o e
ag: Y=Yt Ay ce ses o 3.31gn 13 to be used for
R EA,;( ) when § r( B U ) is
¢t r =1r' TR n ya&iv ~ Otherwise the minus

siyn 15" used,

Wie are now ready to prepare the masterdecks, We punch i in column 1,

r in columns 2-%, M in 4, a4 in 5-11, the problem nc, {n 19, r' in 88-69,
and M ' in 70, (To these decks we shall add dummy-cards later,) It ia ad-
viasble to keep several copies of the masterdecks orn hand, Since we have to
use a new masterdeck on every cycle, it i3 also useful to change the card
layout freq::ntly, By mcving the product into a new field (changing the
puncning on op, 4, and reading in op, 6}, we can use the misterdecks several
times,

In punching t,r, and/u we replaced the real values by a key, We set
Ot equal to 1, We called the center 1, the next ooint 2, etc, We also
replaced‘/d = =~} by O,/J = -,75 by 1, etc, Whenever a rcference is made to
t,r, or/4 "cr. the card™, we mean the symbel, not the real value,

Next we cnoose two distributicns. n(r,/l , 0) and n(rs/u . 1), These
can be chosen arbitrarily, because the initial distritution dces not effect
the asymptotic solution, However, through sulliclient practice we can choose
curves that will shorten our werk congiderably, Our own starting data was
not very good from this point of view, The best we can say is that n is a
mcnotone increasing function cf)/i . and it is a rapidly decreasing function
of r. These two gets of curves should be puniched on cards according %o the
iayout, Then these two decks are put thrcough cperation 7 to get the corres-
Jbonding small decks,

We also prepare a fixed deck according to the layout,

We are still left with the three (rchbiers mentioned at the end of the

last secticn, One of them is caa%_. 9, the 1/2, ’/Y factor in the foruuia
W A/x (v, +2n2 2’ ;-*+ )

E‘
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Yol = o, ’
The easiest way of handling this is to'?éél'g a(r E;ﬂ ,t) by % Z»u'“(r'
/u ,t); to replace ai(i =1, 00e44) by 'J¥E' : ié%££:‘ 1 except near the

ALY AL

center where A [l changes); and tc replace ai(3=5,...,8) by é[&a'ai. We then

get in operation o6:

, o 4 8
Z'A,a’n(vj/u;tmt):igl (2‘}%) % (%Mn‘.)ﬁi(%waunt = %Au 2anir} a m]

L= =5

which is correct. In operation 7 we get:

Rz (foun)reGaun)+. 5oL

which is also correct. But we must remember that our listings show 3 A & 7
instead of n.

Next we face the problem of having to add both aiH(t) and aiﬁ(t+-£1tJ
terns in the same n. We found the following tc be a fruitful approsch. In
cycle t- &4t we compute all the aiH(t),but we save the a7a(t) and a8:(t)
until the next cycle, 1In their place we use the cards saved from the last
cycle. Then at cycle t the two sets of aiH(t) will be available from the
last cycle, the two aig(t+ A t) are computed during the cycle, Thus a7H(O)
and aSH(O) have tc be done befcre the problem is started. Then in cycle one
vwe proceed normally until operation 5. In operation 5 we sert on colunn 1
to separate the a; on i. Here we replace the decks i=7,8 and replace them
by aqH(U) and aBH(U). The two decks remcved. will be used in a similar manner
in cycle 2, ‘ -

It turns out that the same trick will sclve the problem of keeping
n{t- At). We have n(t) on the small deck., (This was ccmputed in operation 7
of the last cycle.) What we need is H(t) of the lasi. cycle, Therefore we
put scme dummy a, cards into the masterdecks, one for each r. These have a7=l.

Let. us say that we are running cycle t. ;(t+4ﬁxb) will multiply this a, =1,

7
and the preduct card (together with all . ) ¥ill be removed and saved for

the next cycle. In operation 6, of E{-Est.ye‘trdhéler this "product"” onto an

- -

n card, and in operation 7 to the pr@pen a*cgr_ _,lhis card'will be used in

L]
- = o~ ew®
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cycle t+2 A\t and will have n(t+ oY) "6h T ?a{s' c:ié'sc}:,bed This solves the
problem. These dunrry cards must have "Ah "X 3?'79 to stop the tabulator

from adding them up with the regular products,
A very useful trick is to change the "i" which ref'ers tc problem nc.l.
It is best tc change it to 9, For example,if we are running problem 1, repiace

the a, by a This enables us to separate the mésterdecks from the small and

1 9°
large decks in operation 5, and at the same time to sort the éi on i. This
also ensures that the ag will not be the last ay in any of the groups of eight

cards; this is necessary for plugboard 6 to function correctly.

T4 OUTLINE OF THE OPE RATIONS

Operation 1, Purpose: to compute H (t).
Procedure: We take the small deck and put it through the
multiplier with plugboard 1,

Operation 2. Purposs: To divide n (t) by n{t-At), i.e., to compute
n(t+ At) approximatsly.
Procedure: We put the small deck through the multiplier
with plugboard 2. Be sure not to use a blank leadcard. (On
a blank catd Q:0 causes trouble.)

Operation 3, Purpose: To merge deck for the main multiplication.
Procedure: Sort masterdecks on column 1, Separate a

173,

from a_-a Merge large deck with a) on columns 2~4 (be

578" 14
sure large deck precedes muasterdeck.) Merge small deck with

ag-ag on columns 2-3, (Be sure small deck precedes masterdeck.)
Operation 4. Purpose: To compute the products,
Procedure: Put the merged decks through the mulﬁipliers, using
plugboard 4, and using a leadcard with an "X" in 30,
Operation 5, Purpose: To separgte'médieraechs firem large and small decks.

To replace a7n(t+-Z§T) Eﬂd'&bn(i+~£§t) by a7n(t) and agn(t)
To sort the masteréegks 1% fabyT :tion.
ki ’

El
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APPROVED FOR PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE

Var— Hw

Procedure' Sort on col slé .Rﬁm@yq.&hg,small and large decks
from pocket 1 {or whi*éqég ;%e‘;r;élqn no, is) and replace the
cards in pockets 7 ani 8 by the cards saved from the last cycle,
Sort on cols, 63-70, (Sce the last paragraph of section 7,3,)
Operation 6, Purpcse: To compuie n{t+ A t), To transfer n{t), To transfer
all perxanent information,
rocedure: Put the masterdecks through tabulator using plug-
board 6 in the tabulatcr, and 6-5 in the summary punch, Use
1 leadcard with t+ A t in cols, 1-2, and ar "X" in 40,
Operation 7, Purpcse; To cempute n(t+ A t), To transfer n(t), To trans-
fer all permanent irtormation,
Procedure; Put the new large deck through the tabulator using
plugboard 7 in the tabulator, and 7-5 in the summary punch., Use
& runout card with an *X" in 17,
Operation 8, Purpoge: .T? compute N(t+ A t),
Prozedures MNerge the fixed dock #ith the new small deck on
cols, 1-2, (The fixed deck precédes the zmall deck,) Pur the
merged deck through a multiplier using plugbocard 8, Use a lead
card with an "X” in 80, N{t + A t) is accumilated in the 3unmmr§
courter. (Ze sure to clear sunmsry counter tefore starting operation’
After operation 8 {:\;) car. be conputed lc«cally,
N(t) is agsumed to tend to e°('t h{Y,ﬂ}
Nite At) = _e=(t+88) y(y A) _ o4t o e(%)VAt
TR ey |

tog [ Marau)] - (vat)(3) | % = oL [leeNiTeat)-vo0 wt)]

7,5 DESCRIPTION OF THE FLUGBCA-DS , AND PLUFHCARD DIAGRAMS

ST U TR

X-1, The purpecse of this opena;i on ia.na comoute nz(t) on the small deck,

{he plugbeard is an agj Lgry;gmgxtp1 13" teard on which n(t), cols,

LCielf, L3 ugel both S.miltidlfer 3 ngd maltiplisani, The product

—— .
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i3 punchei in cols, 21-28 (Figire 1) * °
X2, This plugboard is wired {tr 3 sfmple dlvfsfon, The dividend is

¢ oocs » Ses veo wo

taken from 2128, the divisor from 16-20, The queotient is computed
to 43 many Jdigits ag possihle, anl the answer is punched in cols,
31-33, Notem: Tr both the foregeing plugboards it is assumed that
the first digit of N1 18 nct greater than a 3, If this is not the
case, an extri place muat be allowed on the left in the product
in X=3, and in the divideﬂi in X-2, (Flgure 2)

X-4, We now have the small and large decks mergead with thelir regpective
masterdecks, The quantities in 31«36 are usel as group muitipliersg,
The group multipiication 1s under the control of an "X" in 32,
Cols, 5-11 in the masterdecks, the ay, are used as muliiplicands,

The products are nunched in cola, 12-18, (Figure 3)

X-g, The gzroducts have been computed, and we now want to add up the eight

B3,
terms of each n(r':/u ', t+ A t), The masterlecks are sorteil on r'

anj/u ' Thus the eight terms adding into a particular n follow
each other, We use a lezdcard with an "X" in 4C, and t4+At in 1-2
This number is read fnto counter 2B ani i3 kept there till the end
of the operation, The cycle number L4+ A% 1s punched on every
~ard by the summary punch, and 1t is printed at the and of the listing,
Or the Tolloming caris the products are added into counters BA and

3B, Cn a change in /M {end zf the B-zart groupl) a total is taken

n & and the n i3 both listed and summary ounched, 8B computes

the total of all n, The problem no,, r, and/u have 10 bhe read

from one of the eipght cards, For thig we use digil selector 71,

Fhen 27 8 is picked up in col, 1 (i of ay), selector D is turned on,

30 the sermanent data i3 read from the card fcllowing ag, {This is

why ag should not be, sthe:slast sof ftre:8 cards,) Tnis information is

listed an?d summqry;ﬁé«ﬁﬁdg-{Fféu%§3:4'and 5)
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n(t) is taken from the dgmﬁy barip 4u* T#Jd inte counter €A when
selector < is act! thei.ov;. i “2” {5.43 n{t) is listed and
RUMTATY punched, An "X" i3 gangpunched in cols, 20 and 30 on every
cari, The last rexaining prodlex is the summary punching of the
X" in 17, 12, or 19, By reading a caricount impulse negatively
into 8D we assure ourselves that 3D will have a negative sum, We
pnt the counter on nalance coaversion and use the suwnary X»pa“ch
control for summary punching, Digit selector #2 activates selector
FonaQidncel, 1, and selector % on an 8, If/u equala 0, the
"X" is punched in 17, If //l £ C, the impulse is carried into
selector E, If/u =8, the "X" 18 punchai in ccl, 19, otherwige it
it is punched in 18, The listing cof these "X"'s is done similarly
by ihe use of the total symuulsr I% is a good check to watesh the
Hatings in numerical tyoensra 3-3, A&n # in 3 should be followed
by several TR in 4 and oy an # in 5, eke,

The=s 15 a2 sct of wirea that is no longer necessary under our re-
vised method, They are, nowever, incluled because they illustrate
a very interesting method, Under our new tethed all the a, are
»ositive, and dipgit selectors 2,3 as well as selectors 1«3 should
not be connected; Instesd a nlug o "o" Impulse should be connected
to "4" of tnhe counters A, 2R, In our origzinsl astnod we used an
extrapolation formula in caze of nerative o r, ELAL Therefere,
84 had to gubtract on about half our cards, The use of an "X" for
2 minus sign 1s very cumbarsoms because of the large muimber of cards,
and we felt it safer to use a different method, We noticed that most
of our minus 3lgns occarred on certain combiraticns of 1 and/u

Therefore, 1 = 2,6,8, or 3 and /4 = 02,1,2,3, or 4 will act as a

eose ..
minua sign, Thers %w@ 5 few aJditJﬂ al nevative aj, and therefore
i '. . s ..

an "Y" in 39 will’a-lsa’ rMma' :n

ccvnters sunt ra\v_ If none of the
L ]
.
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VERELELE R

20 combinationa occumfﬁné t'here:'i; ncr "X" in 39, t,he counters

. " ‘ .
Ly ] ' cce ..' ..

add, .

The main purpose of this operation is to perform the trapezoidal
integration on n, The coefficients of this integration are 1, 2,
2y10492,1. Therefore, the cards with "X" in 17, 19 are added once,
the others are added twice. This is done completely under the control
of the different "X"'s, Let us suppose that we have only three values
of A,s0 that we have three cards with "X"!'s in 17, 18, 19 respect-
ively. On each card n is read into selector B. On the first card
this selector is on, hence n is read into 84. On the next card n

1s added into BB (through selectors B, C), and into 8C, 8D (through
selector D), On the last card the n is added into counters 8C, 8D
only (through selectors B, C)., Now we have all the necessary n's in
counter 8A, 8B, 8C (8D), and they are summaed by total-cycle-tranafers,
On the lust card BA transfers to 8B, and on the first card of the next
group (after the next n has been read into the counter 8A) 8B
transfers to 8C and-8D, Then a total is taken giving us n in 8C,

The difficulty in this procedure congs up on taking a total., We

take a total on the rirst card of the next group, and therefore 84
clears at the wrong time, We avoided this by not taking a total on
84; instead we clear it when it transfers its information, (This is
done by the © wires from counter total exit to counter list exit.)

In order to complete the last group, we must use a runout card with

an "X" in 17. (Figures 6 and 7).

The n(t) is read into counter 6B,from which it is listed and summary
punched. For simplicity's sake the problem number is just listed and

gangpunched (not sumary punched). r and t are read into counters 2C
and 2D. But 3incd'ae w&pt r. far dnzy one,(<,we must send it through

- .
‘e se ub® ‘.
-

selector A,which is‘turnQd on Qy the tfirst ¢« in each group only.

aam

1

o
14

i
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CHAPTER 8

MISCELLANEQUS FROBLEMS IN NUMERICAL CALCULA TION

D, Flanders and P. Whitman

8.1 SCLUTION CF _EQUATIONS (Flanders)

8.1-1 Introduction; Quadratic Formula

A common problem in numerical computations is: find the solution or
solutions of a given equation. In certain cases this can be done by an explicit
formula, but in many cases it must be done by approximation or by a succession
of approximations,

An ejuation which can be solved explicitly is the general quadratic equa-

tion

ax® 4+ bx +¢=30 (1)

where 3, b, and ¢ are given. Its solutions are

x =z 223 yggg =48 g x 5 =bo Vb2 - dac (2)

22

usnally called the "quadratic formula™, An eguaition such as axh + bx? + ¢ =0
can be reduced to the form (1) by the substitution # = x2. For eguations of

the types

2

ax? + bx2 + cx +d = O

and ax“ 4 bx> + ex2 +dx + e = O

CYIiI Rl ;oG

. FO-A
(m
- =® '
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there are also explicit solutloha.( ¢ ﬁu

(1)

actice it is easier to apply

L] [ KX Y BAS _Bas oo

L. E. Dickson, First Course in the Theory of Equations, New York (1922)
pp. 45~54.

J. B, Rosenbach and E. A, Whitman, College Algebra, revised edition,
Boston (1939) pp. 265-271.

F. R. Rider, College Algebra, New York (1940) pp. 203-208
(or almost any other book on this subject).

a method (such as Newton's method,about to be described) which is applicable
to equations generally.

B,1-2 Removing Known Solutions

However, after all but two of the solutions xj, xp, ~—, X, of

ag x” 4 aj xn-1 + -—~ +a, =0 (3)

have been found, the remaining two can be found by dividing out the factors

(x = x4) corresponding to the known roots. For this purpose, however, it is
advisable to find the "known” roots to one or two more figures than desiréd,
to allow for rounding-off errors, etc., in the division,

The division is most conveniently done by "synthetic dlvision"(z)

(2)
Rosenbach and ¥hitman, loc, cit., pp. 229-230.

Rider, loc. cit., pp. 176=177.

For example,

1.337 x& 4 68.927 3 + 1082.456 X2 + 5115.498 x - 3333.796 = 0 (4)

has the solutions xj = 0.578303 and X5 = =-26.8017 (see below, Section 8.1-3).

Divide these out successively:

1.337 + 68.927 + 1082.456 + 5115.498 - 3333.79% ].573393_ (5)

7732 M3f307 +.649¢ 2977 é 3333 799 (6)

*® Y tll. -.0 .ut ‘QO "0 -

waorw
»
%
]
.
1
.
L]
.

‘i
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TEEAGe

1,337 + 69.7002 + 11227638 #:5T64.2957° *, O | -26.801y (7

- 35.8341L = 907,675 5761457950 2 (8)

(422 X
cee @B
L X A X
L X3

[ X X X4
[ XX X )

1.337 + 33.86606 + 215.08905 0 (9)

Here line (7) represents simfultaneously the quotient from the first division
and the dividend for the second division. That the remainder comes out zero
in lines (7) and (9), to within an amount which can be accounted for by

significant figures(3) and rounding-off errors, shows that 0,578303 and -26,.8019

(3)

As discussed in Section 84-1, we have sometimes carried more figures in
the computation than are, strictly speaking, significant.

are indeed solutions of (4), while the remaining two roots must by (9) be

solutions of ]

1.337 x° + 33.86606 x + 215.08905 = O, (10)
and so can be found by the quadratic formula (2); they turn out to be complex
numbers.

8.1-3 lNethod of Successive Interpolation

One method(h) of finding the solutions of an equation - the equation need

(4)
Scarborough, loc. cit., pp. 174-178.

Whittaker and Robinson, loc. cit. pp. 92-93.

not be of the type (3) - is sometimes called the "method of false position",
but might more appropriately be called the method of successive interpolation.'
Suppose the equation to be solved is

£(x) = 0 (5 | (11)

(5)
An equation g(x) = h(x) can be written in the form (11) by transposition.

First one must get a roygh_jdea of. the skocation of the solutions. If

- .
L - . ®
.a . Y : *e . o
. - b .e
... esw 880 ove o008

o
ee oee o oe° & - o
= ‘r. - | R » ‘
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nothing is known a priori, one rﬂa:).r .(E&nléiz'tézi‘ 09
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Tor several values of x (for
.
-

LX X

L4

instance, x = 0, *1, 2, etc.)ié'\;d':ébéerx?é'tiq‘ét if f(b) and f(c) have opposite
signs then there is a solution between b and ¢, provided f(x) is continuous
jn this interval. Trouble may be encountered in case there are two solutions
between a pair of successive integers, but the trend of the values of f(x)
will generally indicate what 1ls happening here, and one may graph the function
or take some non-integral values of x to separate the roots. Then, too, this
method locates only real roots, but in numerical work we are usually (but not
always) interested only in real numbers. With the known values f(b) and f(c)
we may interpolate to find what value of x will give f(x) = 0; actually, .f
course, this is inverse interpolation (Section 2.1 -4),but since we use linear

terpolation {Equation (7)) no distinction between direct and inverse inter-
polation nee& be made, Lei 48 denote by aj the interpolated value of x. Then
compute f{a1), 17 interpolation were exact, then f(ay) = O; but since we used
an appgoximation (linear interpolation) it can only be expected that f(aj) will
be near zero. Then using eithier f(b) or f(;) -~ uswally, whichever is smaller
in absolute value - and t(a)) we may perform a similar interpclation or extra-
polation to get a new approximate solution,an. Then interpclating between
f(ay) and f(ap) we get a3, and so on, Once well started, the process converges
rapidly except for functions whose 5raphs have sharp bends near the points in
question,

The process should be continued until two successive a4 have the same value
to the desired accuracy.
The first approximation aj may, if desired,be obtained by graphing the

calculated points (e.g. x = 0, $ 1, 2 2, etc.) and reading off the value of
x for f(x) = O, rather than by interpolation as indicated above, This method
is useful when it is suspected that the curve has a sharp bend in the vicinity.

For convenience we may Hrite &heéf&nmuﬁé for linear interpolation in the

-
-

- aee © & b4
= o L4 Y
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d #sr Aar 029 HBDO
special form used here: fa3 Ts % b
E: -;¢ ; .:. :‘.

tiesEe

84l = 8n 4+ A2
8n = 8n-1
fla,) - t{a ) (12)

where, for starting,we may denote b by a_, and ¢ by a, (or vice versa).

QAaz - f(an)

8.1-4 Method of Iteration

A slight varjation of the previous method is applicable if the given ejua-

tion can be written in the form x = f(x). Then once a first approximation aj

to the solution has been obtained, say as in Section 8.1-3, then successive
approximations can be obtained by ap = f(ay), a3 = f(ap), etc, This process

converges(é)ifff'(x) l < 1 for x near the solution.

(6)

Scarborough, loc. cit., p. 187.

2.1-5 Newton's Method

Another method, known as Newton's method(7), applies to any equation,

Provided that f'(x) can be found and is not zero at or near a aclution X = r,
)
Scarborough, loc. cit., p. 178 ff.

Whittaker and Robinson, loc. cit., p. 84 ff,

Granvills, Smith, and Lorgley, loc. cit., pp. 131-132.

If aj is an approximation to a solution of (13), then as the next approxi-

mation we have

acy e

or

Daf = = iag): ?. % § (15)
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Cnce a reasonably accurate fie’St°iprd

atlio
oe
[ ]
[ ]

$ Pto

as been found (for instance by

the same method as in Sectionné.l43f thY

[

£
¢8ss generally gives quite rapid

convergence, The approximate error of &441 1s given(B) by

(8)

Scarborough, loc. cit., pp. 182-183.

(Dag)®  max | x) |
2t (ayg)| dig X 34l (16)

Eigl s

In practice, howevef, one simply continues naking new approximations by (14)
or (15) until two successive aj agree to the accuracy desired,
rFor example, as in Section €,1-3, it is found that
1,337 x4 4 68.927 x> + 1082.456 % + 5115.498 x - 3333.79 = O (a7
has a soluticn approximately equal to 0.57.

Using (15) we have

£(x) = 1.337 xb + €2,927 x3 4 1082.456 x2 + 5115.498 x - 3333.796

£1(x) = 5.348 x5 + 206.781 x° 4 2164.912 x + 5115.498

Trial - 1 2 3
a 0.570000 0.578315 0.578303
a? 0.324900 0,334,448 0.334L434
2 0.185193 ¢.153416 0.193404
ab 0.105560 0.111855 0.111846
f(a) -53.366 0.080 0.002
£'(a) 64,18, 6438, 6h38.
[ya - - ﬁ‘aa .008315 -0.0%12 -0.0%3
Solution 0.5783C3
Similarly, - 26.8019 is foungs Lol b a‘iélg”iéh: A method of finding the two

-
L]
K

s
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will necessarily be much cancellation in the computation of f(a) since we wish
it to be zerc, Hence it may be necessary to carry this computation to many
figures, taking a as exact (i.e., an exact number uséd as a trial value; of
course it is not the exact soluticn).

On the other hand, f'(a) will generally not invelve much cancellaticn and
only a few figures of it are needed for 2\ a; indeed, once a has been found
to a few figures, f'(a) will be known closely enough and need not be recomputed.
It may be remarked here that any fairly close approximation to f'(a) may be
used. This will not affect the fact that successive approximations converge
to the answer, provided f'(a) is not near zero, though it may make the con-
vergence slower.

g.1-6 Checkirg Solutions

The test of the correctness of the soluticns found is whether they satisfy
the given equation. ,
An error in one step of either Newton's method or the method of successive
irterpclations, unless it is the last trial (which should essentially agree
¥with the previous trial), will not vitiate the firal answer but only result
in slcwer convergence to that answer. A systematic error (the same mistake in

each trial) may,on the other hand,lead to an incorrect result.

2.,1-7 Choice of Method

While there are still other methods(g), those outliried above are generally

(9) -

Scarborough, loc, cit., Chapter X.

whittaker and Robinscn, lcoc. c¢it., Chapter VI,

adequate and satisfactory.

If £'(x) can readily be fonsd, anéwffxé-egd f1(x) are noL difficult to

calculate numerically, Newton‘sbne”h@d i ce{rcn £.1-5) is generally preferable.
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If £'(x) is hard to find or mudh mdre difflku t Lo compute numerically than

.. u 0 o
- LEX X ]

f(x), then the method of successive interpolation (section 8.1-3) is preferzble.
The method of iteration has the advantage of involving a8 little less calcula-
ticn at each step than the other methods, which is worthwhile if there is reason

to suppose that one will not lose much in rapidity of convergence,

8.2 CURVE FITTING (BY LEAST SQUARES) (Whitman)

In fitting a curve to a set of values obtained by experimental methods,
the theory of least squares is sometimes found useful., The general form of
the problem of curve fitting is that severzl corresponding values cf two
variables are measured experimentally, an appropriate equation is assumed tc
give the relationship between the two variables, and then the parameters of
the equation are determined.

The simplest type of equation to use is a polynomial. The degree of the
polynomial can be determined by différencing the values of the dependent
varjable, If the second differences are fairly constant & parabola may be used
for the approximating curve, if the third differences - a cubic, etc. Since
some experimental error appears in each pair of measured values, one equation
cannot fit all points exactly, but the method of least squares gives the optimum

approximating curve(lo).

— .
(10) -

J. B. Scarborough, The Johns Hopkins Press, Numerical Math. Analysis
(1930), p. 304 ff.

The theory consists of minlmizing the error between the fitted polynomial
and the points given by the experimental data by mininizing the sum of the
squares of the errors at those points. Since both positive and negative errors

are assumed to occur in such a way as to average out to zero, the squares of

the errors must be used to fndure an agsolute numerical minimum,
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The theory is intended tc:hi;;;:;éughgc;ézgal error thet occurs between
the supposed or measured valuega;a.éhe E;u;.;;iue; but since this error can
never be determined in practice, the "residual" is found, i.e,,the difference
between the measured value of the dependent variable and the'Qalue of the

function found frem the computed parameters and the independent variable., It

can beé shown that minimizing the residuals is equivelent to minimizing the

true errcrs.

To take a general example, suppcse we have n pairs of values, (xi, Yi)

measured experimentally and we wish to fit a parabola to these pcints. We write
yil = A + Ay ST A3 Xi“? (18)

using the notation yl to distinguish the computed values from the experimental

values of y. The problem now is to solve for the A's,

4T

writing yy for yil in (18) and dividing the equation by Y4, we obtain

2
1= e

l ’
A +A-—-—+A (19)
1yi " 275y 3

We then multiply Equation (19) by the coefficient of each of the A's, in turn,

and sumw the resulting equations, obtaining the set

2
— X X.j
; 1, = Al 1 4+ A i + A ———a
; 2 3 2

p 20
S X4 X. . x< . x? ( )
! J — st IN 1 E__‘F_ . A p Z 1 ) b - X R
~ ¥i y2 2 LT
N xiz . fj‘ x12 ' 4, i:‘ xi3 b s ﬁ;‘ xih

These equations allow us to sclve for the desired parameters (usually by rule

of determinants), and we havg th¥ & foldfiof’” ol our protlem,

- - -' ".' : :
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ve the .requifed résult can be shown theoreticallyfll)
(11)

Whittaker and Robinson, Blackie and Son, Ltd. (1940) - The Calculus of
Cbservations, p. 210-211.

That the Equations (20) g3

armgnny.

and so this process does not appear in the numerical work. The theory, however,

should be utilized whenever possible as a check on the numerical work. For
instance, the residuals are easily computed by taking ry = yil - ¥i.

Hence, ;;_ri can be computed directly., Also

— _ — 2
STy FAp > L g, T XL XL
2T 5 Ay o Vi 2. 7 3.2 71 ya

The separate sums on the right appear in the existing computation, and so we

have a simple creck on the correctriess of the calculations. Cne should expect
to find that >17ri = 0, withkdn the desiregd accuracy. The Ats of ccurse, may be

checked by substitution in (20).

Another, more exacting check, is performed by teking the sums

X x.2
Oy=- , L 7
Vi ¥y Yi
and alse
T g S P
/;,_—5,? | —7y; 61 ‘“,“Yi Si

Then the following two equations form a check, since the left hand sums appear

in the previous computation(lz).

(12)

Whittaker and Robinson, Blackie and Son, Ltd. (1940) - The Calculus of
Cbservations, p. 211.

A S SR - B U LA 61 ’
)’ Yi Yi .’_!cwy;i nn@yv')'.l LA o yi yi ‘-—-—‘ yi
\ e Yi Yi ;‘f‘_’ 3*51‘5 E'Yf:;: .?/:"_ Yi Y3 Y3
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If the residuals, ry, are sq4&rad and ﬁu:m%c,,tre sum should be near zerc

for a check on gross errors. It }a;-éiso EZ gibﬁnle) that

(13)
Whittaker and Robinson, Blackie and Son, Ltd. (1940} - The Calculus of
Observations, p. 234,

— 1, — X - x:2

\,r2= ¥i -Al yil.—L—szyil._._i..—A ‘yil, i
1 2 ‘- yi “— i 04 vi

It may be that a certain "weight" should be attached to each observation

so that instead of the peints (xi, yy) we have (wy xy, y3). The points might

simply be weighted according to position (wy = 2 or Wi = _l_). The residuals

¥i Xy
sre affected linearly according to weight. The checks should be formed using

the weighted residuals, for instance, the last formula would read

Swir?e YwyiZ-oa 3wl %L—Az }:yilﬁ.v.’ii
i Vi

-
S .1 Wi Xi
i

8,3 HARMONIC ANALYSIS (Flanders)

It is sometimes desirable to represent a periodic function f(x) in the

fora

f(x) = 85 + 2] CO8 X + &2 cOS 2X + a3 COS 3X + ---- + b] s8in x + b2

: sin 2x + b3 sin 3X 4 e

This subject has been exhaustively treated in studies of Fourier series;
a good description of a practical method for finding the first few coefficients
is given by Scarborough and Whittaker and Robinson(rl“")0

(14)

%?3%-?595.

Scarborough, loti

oc ® «,uc

Whittaker and R %i IBE "‘E., Chapter X, especially the insert
facing p. 270. 7. %% oL 2ttt Lt

Heu .. 'cu .
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%
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’
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»
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8. 4 GENERAL PROCEDURiﬁ 1 JANDN_QﬁMﬁﬁfATIONS

L] & o
% sSes @ ... .Q. .o

Xl

8.4-1 3etting Up Numerical Computations

When a mathematical problem is to be solved numerically, there are three
principal parts to the job: - "setting up" the problem, performing the calcula-
tions, and checking the results,

The setting up may be simply a matter of specifying the numerical operations

“to be performed, or it may require manipulation of the given formulas or equa-
tions to obtain a more convenient form, How detailed the specification of the
operations must be depends upon the gnalifications of the comphter; a style
suitable for computers with limited knowledge of mathematics i3 shown in
Section 5.1-9, Chapter 5. For the sake of flexibility it is usually advisable
go make the directions detajled enough to be readily intelligible to the least
well-trained computer in a group. However, for some problems this is impracti-
cable and they must be given to computers who can do the work without detailed
instructions. In the process of setting up a problem, it is well to watch for
things which look inconsistent (for instance, a regular procession of powers
with one exceptlon, or a certain combination of expressions repeated several
times but once slightly different)} and check their correctness with the person
providing the problem,

In many cases, especially in numerical integration (Section 3.1, Chapter 3) the
person who sets up a problem must also determine what values of the argument
are to be substituted in formulas in order to achieve a specified accuracy in
the angwer or a suitable distribution of answers. In some cases an inspection

"of the formula will indicate the proper choice; in other cases, it is necessary
to substitute a number of values of the argument and insgpect the results to

see whether more are needed, Similar remarks apply to the determination of the

namber of significant” z gres to b€, cayried if the constants in the formulas

Jinese
I1aee

-~
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are exact, It may be pointed odt_tnattdb §s§ssa?§ly advisable to carry an extra
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figure or two so as not to have to worry about rounding-off errors,

8.4~2 Carrying Cut the Calculations

If the set up is adequate, the computation itself should be simple though

perhaps tedious.

8.4~3 Checking the Calculztions

Checking the work is the last item but by no means the least. The set up .
should be checked before starting computation; preswsably this will be done by
a perscn competent to judge the recessary technique so ocur remarks will be
confined teo the checking of the numerical work.

Bagically there are two types of check: self-consistency of results, and
cemparison of two independent calculations,

Whether results are seif-consistent may be determined by seeing whether
the answers (for varicus values of the argumert) run in smooth succession, Gross
irdividual errors (but not systematic érrcrs) may thus be detected at a glance;
to detect smaller errors one may take the first, second or higher differences
(Secticn 2.1- 1) of the answers and inspect their regularity. The effect on the
differences of an error in one valve of the function may be seen from the
following table. Thus,the first variation in the differences appears on the
line where the error occurred, but the greatest variation i; opposite a A
with greater subscript,

If it is observed that there is an errcr, but it is not apparent where
this error lies, one may take differences of the terms or factors which enter
directly into the computaticn of Z , and of the items which erter into these
terms or factors, amd so on., If the di;ferences oscillate in one step A and

not in the items which enter inte A, then presumably the error lies in the

i LA J
cozputation of A, %, 1" 1 I IT I
A I

9 S9E S9¢ 088 csee ©O
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Z A = beZ ¢ i L & Ay 2
=3

z 2 By %5

“ 3 21 %3 A %

“i | By A2 % A Z

“ &y % Ay 25 By 25 2, 2
et | Oy Zgte Cp Fere | By Fgeg B, % re
g A F-€, by, Tp-zel b3 2, 4¢ i
e | &, 2 L8 Ze*‘ég b3 %g+ic | & Z +6€
i E 1% 1 8,2 i Prfg-e | A 3 ¢
0 1 By Ey bBaZ10 | By Ry, At F10 e
by E, BpZy By Ey DBy, B

It will be chserved, for inctence, from the ahove table that an errar of
one in the last digit in Z ¢ (which might easily arise from rounding off) will
cauce an error of 6 in the last figure of A:i 7—-8, as well as errors of
orposite sign in adjacent wvalues of Al\» 2 s 80 this much variation in AA A is
not significant,

Even though the differences indicate no error, the comrutation should be
done indapendently for at least one value of the argument, to guard against
systematiec errors,

In some cases the check of self-consistency is not applicable; for instance,
if there are tco fow walues of the argunent the differences of the answers will
not afford a sufficient test; if the values of the argument are not equally.

Spaced, 1t is difficult to get adequately comparable differences(ls).

(15)
However, aomething;.-qlom;thiz’lzjfegban be done by the use of "divided
differences”; of, EJ T3 Whitfakpr &nj G. Robinson, The Calculus of

Obscrvations, p. ,?‘b‘ ee® s se 9ee see ve

se » 00 5 ® .
T T S ey~ a2,
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he otler method of checkdng "8 ¥S ke *twieindependent computatiors,
e
(]

using either twe different complter® dr thd :dit:fc_:rent methods; the latter
alternative is in some respects theoretically more attractive, but the fcrmer
is ugually more practical,

In crder to obtaip really “independent" computations by two comnuters, it
is best te nave them work without communicating with each otrer with a third
rérson comparing tre results, finding the scurce of any discrepancies, and
returning incorrect work to tre computer feor correcticrn, However, this pro-
cedure may not always be practical and it may be necessary to allow the
computers to conpire f{igures now and then to avoid further computation with
jncorrect values. [his involves scme danger that one will convince the other
of the ccrrectrness of an incorrect value or operation; the extent of the darger
depencs on the character of the computers,

I['c minimize time spent in checking one may, in setting up @ problem,
specify the recording of values at internediate steps rather than only the
recording of the final ansver to a complicated computation; alsc, one my
indicate points at which a check should be made befcre continuing.

A methed intermediate betweeé self-consistency and computation by two
independent methods is that ugsed in checking step-by-step integration of dif-
ferential equstions (3ection 5.1-3, Chapter 5), Here one computes a new value
on the basis of the old cnes, then substitutes the "new vaiue” inlc a foraula
which should yield the same "new value' over again; failure to do so indicates
a mistake.

8.4,-4, (ther ltems

n few ocdde and erds in the way of practical considerations may be mentioned.
411 work sheets should be labelled so that they can be identified months

ilater when memory is dulled,

* o .
B - A - . v - - 3 g
A persor, who gives §Le:ccm§m§1ng group a job may not have much idea what
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he wants in the way of accuracy':} :

job the first time instead of ha;i é to do
Yhen a great many values of a very complicated functicn must be used in

computations, it is convenient to calculate chosen values of the function and

to draw a graph., The values are chosen so that they are simple to compute

with and also so that the curve is sufficiently well defined, e.g., a hump in

the curve requires more points than would a fairly linear segment. The computed

points are then plotted and the scale chosen large enough to allow the desired

number of significant figures to be read from the graph. A small amcunt of

accuracy may be sacrificed in this method, but a great mass of detailed comput-

ing is obviated.
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